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We discuss the footprint of evaporation of primordial black holes (PBHs) on stochastic gravitational waves
(GWs) induced by scalar perturbations. We consider the case where PBHs once dominated the Universe
but eventually evaporated before the big bang nucleosynthesis. The reheating through the PBH evaporation
could end with a sudden change in the equation of state of the Universe compared to the conventional
reheating caused by particle decay. We show that this “sudden reheating” by the PBH evaporation enhances
the induced GWs, whose amount depends on the length of the PBH-dominated era and the width of the PBH
mass function. We explore the possibility to constrain the primordial abundance of the evaporating PBHs
by observing the induced GWs. We find that the abundance parameter β & 10−5 – 10−8 for O (103 – 105)g
PBHs can be constrained by future GW observations if the width of the mass function is smaller than about
a hundredth of the mass.
I. INTRODUCTION
Primordial black holes (PBHs) [1–3] have been gathering
interests for many years despite its lack of observational
evidence. This is particularly because of their rich phe-
nomenology in Cosmology for a wide range of their masses.
Depending on their mass range, PBHs that survive until to-
day (& 1015 g) could explain dark matter [4–6], the gravita-
tional waves (GWs) from the black hole (BH) mergers de-
tected by LIGO/Virgo [7–9], the microlensing events in the
OGLE data [10, 11] (see also Ref. [12] for a review), and cos-
mic structures such as the seeds of supermassive BHs [13,
14]. On the other hand, tiny PBHs that had evaporated
before the big bang nucleosynthesis (BBN) (. 109 g) could
generate the baryon asymmetry [15–25], produce dark mat-
ter particles [24, 26, 27], and relax the Hubble tension [28–
30].
Following the first detection of GWs fromO (10)M¯ black-
hole mergers, observational constraints on PBHs for a wide
range of their masses have been reconsidered. For PBHs
with MPBH > 109 g, there are a number of constraints on the
abundance of PBHs, which are considered as robust [12, 31,
32]. Even evaporating PBHs in this mass range can be con-
strained by the null detection of the extragalactic or galactic
gamma rays from Hawking radiation and by their effects on
the BBN and the cosmic microwave background (CMB) [31–
34].
However, conservative constraints on the tiny PBHs with
MPBH < 109 g are still lacking.1 The constraints are so weak
1 In Refs. [35–39], the possibility of evaporating PBHs as a catalyst of vac-
uum decay was pointed out, which could be used to constrain the PBHs
abundance assuming our electroweak vacuum is metastable [40]. How-
ever, this bound depends on the UV completion or a precise value of
the top Yukawa, and moreover, there are subtleties because the analy-
sis made so far also predicts the bubble nucleation whose typical size is
that it is even possible that the PBHs dominate the energy
density of the Universe before they evaporate. There ex-
ist few attempts to probe this mass regime in the litera-
ture. One could examine the PBH abundance through its
stable relics [43], while whether or not a PBH leaves the relic
requires dedicated studies of the quantum gravities and is
still in debate [44]. Similarly, one could constrain the PBH
abundance by the overproduction of dark matter through
the PBH evaporation [45–47]. However, it strongly depends
on the nature of dark matter and cannot be applied directly
to, e.g., axion or PBH dark matter. Also, if the PBH evap-
oration generates baryon asymmetry of the Universe [15–
24, 48, 49], or if the baryon asymmetry is generated after the
evaporation of PBHs, the constraint from the entropy pro-
duction [49] is not applicable.
Despite the difficulty of investigating the tiny PBHs, the
production of them is predicted in the context of the hy-
brid inflation [50] (see also Refs. [51, 52]), the inflation
model with the Chern-Simons coupling between the infla-
ton and gauge fields [53, 54], and the preheating after in-
flation [55, 56]. In particular, the hybrid inflation is an at-
tractive model in view of the see-saw mechanism and lep-
togenesis [57, 58]. In this sense, the tiny PBHs could give us
hints on not only the early Universe but also particle physics
models.
In this paper, we shed light on the tiny PBHs in terms of
GWs. Once GWs are produced by some mechanism, they
are not erased by the frictions with other matter species
unlike the radiation perturbations, so GWs can be a good
probe of the tiny PBHs. However, GWs emitted through the
Hawking radiation [59–61] and mergers of the tiny PBHs [62]
have very high frequencies. This is because, for tiny PBHs,
the Hawking temperature is high and the typical length
much larger than the PBH radius, implying a suppression factor from this
effect is missing [41, 42].
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2scale of the PBH binary is short. It is unlikely to detect
such high-frequency GWs by the near-future GW observa-
tions (see also Appendix A).
Throughout this paper, we instead focus on the GWs
induced by the scalar (curvature/density) perturbations
which are related to the tiny PBHs and can be detected by
the future observations. The scalar perturbations can be a
source of GWs through their interactions appearing at the
second order in perturbations [63–69]. The induced GWs
have recently attracted a lot of attention [70–100] because
the induced GWs can be used to investigate the small-scale
(k > 1 Mpc−1) perturbations, which are difficult to be ac-
cessed by CMB observations but can produce PBHs.
The induced GWs can be strong in the following two
cases: (1) the primordial scalar perturbation is large, and
(2) the scalar perturbation grows dynamically. In our sce-
nario, the first case corresponds to the large scalar perturba-
tion required to have a sizable amount of tiny PBHs. The in-
duced GWs are generated when the enhanced scalar pertur-
bation responsible for the PBH formation enters the hori-
zon. Hence the peak frequency of the induced GWs has one
to one correspondence to the PBH mass. Because of this
fact, the peak frequency for the tiny PBHs (MPBH < 109 g) is
still high (see Appendix A).
The second case involves an early matter-dominated
(eMD) era which precedes the standard radiation-
dominated (RD) era. During the eMD era, density perturba-
tions grow on the subhorizon scales, and the gravitational
potential (hence the source term of the induced GWs) does
not decay on the subhorizon scales [67, 101]. After the
eMD era ends, the gravitational potential starts to oscillate
due to the radiation pressure during the RD era. During
the reheating transition from the eMD era to the RD era
(before their oscillation), the gravitational potentials on
the subhorizon scales decay. Hence, the amount of their
decay depends on the time scale of the transition. If the
time scale of the reheating transition is sufficiently short,
the gravitational potential on the subhorizon scales does
not much decay before their fast oscillations since there
is no time for it to decay. In this case, strong GWs are
induced after the sudden reheating transition even if the
power spectrum of the primordial curvature perturbations
is almost scale invariant (i.e. with no ad hoc enhancement
in the initial condition) [87]. Note that the fast oscillations
of the gravitational potential in the RD era are caused by
sound waves in the thermal bath, which is produced after
the sudden disappearance (or “demise”) of the matter field.
For this reason, we call this mechanism the Poltergeist
mechanism for GW production.
Indeed, the sudden reheating transition can be realized
in the PBH-dominating scenario. A key property of evapo-
rating PBHs in this context is that the evaporation process
becomes faster and faster once it sets in because of the neg-
ative specific heat of a BH. If the PBHs come to dominate
the Universe by the time when this explosive event happens,
the equation of state for the Universe can change suddenly
at the end of evaporation depending on how sharp the PBH
mass function is. Since the PBH-dominated era behaves as
an eMD era, the evaporation of the PBHs leads to a sudden
transition from the eMD era to the RD era. For this reason,
we expect that tiny PBHs can trigger the Poltergeist mech-
anism: after the sudden evaporation of PBHs, the “ghost”
of PBHs makes merry in the thermal bath producing strong
GWs. In addition, the induced GWs are enhanced at least
for modes that enter the horizon by the end of the reheat-
ing. This is a macroscopic wavelength of a fluid composed
of many tiny PBHs, and therefore the induced GWs can
have the frequencies lower than those of the other types
of GWs mentioned above. Thus, they can be detected by
near-future GW observations if the enhancement is suffi-
ciently large. For this reason, we focus on the GWs induced
by the Poltergeist mechanism to investigate the tiny PBHs
throughout this paper.
We study how large the enhancement of the induced GWs
by the Poltergeist mechanism can be by taking into account
the finite duration of the evaporation/reheating process.
We also discuss novel observational consequences of the
enhanced production of GWs from PBH evaporation. As-
suming the (almost) scale-invariant power spectrum for the
scalar perturbations Pζ ∼ 10−9 conservatively, we estimate
the spectrum of the enhanced GWs as a function of the PBH
mass, its abundance (formation probability), and the width
of the mass function both numerically and analytically. Uti-
lizing such relations, we discuss prospective constraints on
the primordial abundance of evaporating PBHs, which are
accessible by future GW observations, such as LISA [102–
104], DECIGO [105, 106] and BBO [106, 107].
This paper is organized as follows. In Sec. II, we review
the PBH-dominated era. In particular, we see why the evap-
oration of PBHs ends with a sudden transition compared to
the conventional reheating. In Sec. III, we discuss the evo-
lutions of scalar perturbations, focusing on the evolution
of the gravitational potential, which is the source of the in-
duced GWs, during the transition from the PBH-dominated
era to the RD era. In Sec. IV, we discuss the GWs in-
duced by the scalar perturbations that have experienced the
PBH-dominated era on subhorizon scales. Note that, until
Sec. IV, to show the essential points of the Poltergeist mech-
anism, we assume the monochromatic PBH mass function
for simplicity. Then, we take into account the finite width of
PBH mass function and discuss how it affects the induced
GWs in Sec. V. In Sec. VI, we discuss the prospective con-
straints on the PBH abundance from the future GW obser-
vations. Finally, we conclude this paper in Sec. VII.
Throughout this paper, we assume that the evaporation
of PBHs does not leave any relics. As a convention, we use
the reduced Planck mass (MPl ≡ 1/
p
8piG) instead of the
gravitational constant. In addition, we use the word “reheat-
ing” to represent the reheating caused by the PBH evapo-
ration (not the reheating caused by inflaton decay) unless
otherwise noted.
3II. PBH-DOMINATED ERA
The cosmological scenario we consider is as follows. Af-
ter inflation and (p)reheating of the Universe caused by in-
flaton decay/annihilation, the Universe is filled with radia-
tion. In this early radiation-dominated (eRD) era, a PBH is
supposed to form when a rare and large perturbation mode
enters the Hubble horizon. PBHs behave as non-relativistic
matter, so they would eventually dominate the energy den-
sity of the Universe if they were stable. Since PBHs are
quantum-mechanically unstable due to the Hawking radi-
ation, it depends on the initial abundance whether they
dominate the Universe or not. We are interested in the case
where PBHs do dominate, and the condition for the domi-
nation is shortly reviewed below. The PBH-dominated era
serves as an eMD era. It ends via the evaporation of PBHs.
Thus, the evaporation of the PBHs can be regarded as the re-
heating transition from the eMD era to the standard RD era.
The subsequent evolution of the Universe is the same as in
the standard cosmological scenario. In this scenario of PBH
domination and evaporation, there are various mechanisms
to produce GWs, which are reviewed in Appendix A.
We can easily generalize our discussion, e.g., to the cases
of PBH formation in another matter-dominated (MD) era
(e.g. during inflaton coherent oscillation) or PBH formation
by phase transitions etc., but we do not do so here for sim-
plicity. In the rest of this section, we summarize various re-
lations in the PBH-dominated era, which are useful in the
subsequent sections.
A. PBH evaporation
Let us start with the governing equation of the PBH evap-
oration. The mass of a PBH obeys [28]
dMPBH
dt
=− A
M2PBH
=−7.6×1016 gs−1 gH∗(TPBH)
(
MPBH
104 g
)−2
, (1)
where A is given as
A = piG gH∗(TPBH)M
4
Pl
480
. (2)
G ' 3.8 is the gray-body factor andTPBH is the Hawking tem-
perature of the PBH [108]
TPBH =
M2Pl
MPBH
' 1.05×109 GeV
(
MPBH
104 g
)−1
. (3)
gH∗(TPBH) is the spin-weighted degrees of freedom of the
particles produced from the Hawking radiation with TPBH,
whose concrete value is given as [28]
gH∗(TPBH)'
{
108 (TPBH À 100GeV↔MPBH ¿ 1011 g)
7 (TPBH ¿ 1MeV ↔MPBH À 1016 g)
.
(4)
The temperature dependence comes from the fact that the
Hawking radiation cannot efficiently produce the particles
heavier than the Hawking temperature (m& TPBH).
Solving Eq. (1), we can derive the time dependence of the
PBH mass as
MPBH = (3A)1/3 (teva− t )1/3 for t ≤ teva, (5)
where the subscript “eva” indicates the value when the PBH
completes the evaporation. We will express teva as temper-
ature in Eq. (7). Since we focus on tiny PBHs with MPBH <
109 g throughout this paper, we take gH∗ = 108 and consider
A to be time-independent. Assuming the monochromatic
PBH mass function, we can express the decay rate as
Γ≡− 1
MPBH
dMPBH
dt
= 1
3(teva− t )
, (6)
where this decay rate is defined so that ΓρPBH represents the
energy flow from the PBHs to radiation per unit time and
volume. Note again that we discuss the effects of the finite
width of PBH mass function in Sec. V. Now it is clear that,
in contrast to the perturbative decay of heavy particles, the
decay rate grows towards the completion of the evaporation
t→ teva, implying that this process is more sudden than the
conventional reheating.
By using the relation H = 2/(3t ), one may express the
evaporation time teva as the reheating temperature, which
is given by [28]2,3
TR ' 2.8×104 GeV
(
MPBH,i
104 g
)−3/2
×
(
gH∗(TPBH)
108
)1/2 ( g∗,eva
106.75
)−1/4
, (7)
where the subscript “i” represents the initial value (at the
PBH production). g∗ is the relativistic effective degrees of
freedom, which should not be confused with gH∗. The tem-
perature dependence of g∗ is given in Refs. [110, 111]. For
later convenience, we express the inverse horizon scale at
the reheating as a function of reheating temperature [87]:
keva =4.7×1011 Mpc−1
( g∗,eva
106.75
)1/2
×
( gs∗,eva
106.75
)−1/3 ( TR
2.8×104 GeV
)
, (8)
where gs∗ is the effective degrees of freedom for an entropy
density. Note that g∗,eva and gs∗,eva mean the values at T =
2 In Ref. [28], the authors take H ≡ da/(adt ) = 1/(2t ) at the end of the
evaporation. However, we take H = 2/(3t ) at that time because we as-
sume a PBH-dominated era before the evaporation. This is why the fac-
tor in Eq. (7) is different from that in Ref. [28].
3 We assume that the thermalization instantaneously occurs soon after
the PBH evaporation. Since the typical momentum of the particles pro-
duced by the evaporation (∼ TPBH) is much larger than the reheating
temperature (TR), the thermalization occurs dominantly through the
scatterings with small angles, which make the thermalization instanta-
neous in most cases [109].
4TR. We have used the relation k• = a•H• with • = eva,eq and
taken the ratio keva/keq = aevaHeva/(aeqHeq) to derive this
equation. The subscript “eq” means the value at the late-
time matter-radiation equality (zeq ' 3400).
B. Condition for PBH domination
The initial PBH mass is related to the temperature of the
Universe at the PBH production as [6]4
MPBH,i ' γρ 4pi
3
H−3
∣∣∣∣
t=ti
' γMeq
p
2
(
g∗,eq
g∗,i
)1/2 (Teq
Ti
)2
' 104 g
( γ
0.2
)( g∗,i
106.75
)−1/2 ( Ti
4.3×1013 GeV
)−2
, (9)
or by its inversion as
Ti ' 4.3×1013 GeV
( γ
0.2
)1/2 ( g∗,i
106.75
)−1/4 (MPBH,i
104 g
)−1/2
,
(10)
where ρ represents the energy density, H is the Hubble pa-
rameter, and Meq(' 5.9× 1050 g) is the horizon mass at the
late-time equality time (z ∼ 3400). Here we do not take into
account the effects of the critical collapse phenomena on
the PBH mass [112–115] for simplicity. (We will briefly come
back to this point in the conclusion section, Sec. VII.)γ is the
fraction of the PBH mass in the horizon mass at the forma-
tion, which is analytically estimated as γ∼ (1/p3)3 ∼ 0.2 for
the PBH production during a RD era [3]. We take γ = 0.2 as
a fiducial value in the following.
Finally, we discuss the initial PBH abundance at the pro-
duction required to have the PBH-dominated era and the
relation between the PBH abundance and the length of the
PBH-dominated era. For this purpose, let us start with the
evolution of the energy density of PBHs
ρPBH
ρPBH,i
=
(ai
a
)3
= gs∗T
3
gs∗,iT 3i
, (11)
where we have used the entropy conservation law. On the
other hand, the radiation energy density can be written as
ρr
ρr,i
= g∗T
4
g∗,iT 4i
. (12)
4 From the constraint on the tensor-to-scalar ratio (r < 0.065 [110]),
the upper bound of the temperature after an inflaton decay is given
as TR,inf < 6.7× 1015(g∗/106.75)−1/4 GeV, where the instantaneous re-
heating occurring after the inflation era is assumed. This means Ti <
6.7×1015(g∗,i /106.75)−1/4 GeV, implying a lower bound on PBH mass of
MPBH,i > 0.4 g (γ/0.2).
Using these relations, we can express the initial PBH frac-
tion as
β≡ ρPBH,i
ρtot,i
' ρPBH,i
ρr,i
= g∗
g∗,i
gs∗,i
gs∗
T
Ti
ρPBH
ρr
, (13)
where ρtot represents the total energy density. In the second
line, we have assumed that the radiation dominates the total
energy density at the PBH production. Note that the initial
PBH fraction β can also be interpreted as the PBH forma-
tion probability in a given Hubble patch. Since we focus on
the early Universe, g∗ = gs∗ is satisfied. Now one can easily
see that the PBH-dominated era, ρPBH > ρr, can be realized
when the initial PBH fraction satisfies
β>βmin ≡ TR
Ti
, (14)
where TR/Ti can be evaluated from Eqs. (7) and (10) as
TR
Ti
= 6.5×10−10
(
Ti
4.3×1013 GeV
)−1 (MPBH,i
104 g
)−3/2
×
(
gH∗(TPBH)
108
)1/2 ( g∗(TR)
106.75
)−1/4
= 6.5×10−10
(
MPBH,i
104 g
)−1 ( gH∗(TPBH)
108
)1/2
. (15)
Recall that Ti represents the temperature of the Universe at
the PBH production.
The ratio β/βmin is related to the energy density at the re-
heating
β
βmin
= Teq,1
TR
=
(
g∗,eva
g∗,eq,1
)1/4 (ρPBH,eq,1
ρtot,eva
)1/4
, (16)
where the subscript “eq,1” represents the value when
ρPBH = ρr is satisfied at the beginning of the PBH-
dominated era. This equation implies that the length of the
PBH-dominated era is related to the PBH fraction
β
βmin
'
(
g∗,eva
g∗,eq,1
)1/4 (p
2−1
)3/2 ( ηeva
ηeq,1
)3/2
, (17)
where we have used the approximated relation [116]
a
aeq,1
'
(p
2−1
)2 ( η
ηeq,1
)2
for ηeq,1 ¿ η≤ ηeva. (18)
The conformal time is given by η= ∫ dt/a. Note that Eq. (17)
is valid for ηeq,1 ¿ ηeva.
Using the abundance β, we can express the wavenumber
corresponding to the PBH formation scale in terms of the
PBH mass. Taking into account the presence of the PBH-
dominated era (assuming β>βmin), it is given by
ki =
(
gs∗(TR−)gs∗(T0)
gs∗(Ti)gs∗(TR)
)1/3
βmin
(
β
βmin
)−1/3 T0
TR
4piγM2Pl
MPBH,i
=1.43×1020 Mpc−1
(
β
10−7
)−1/3 (MPBH,i
104 g
)−5/6
, (19)
5where TR− ( 6= TR) is the temperature just before the evapo-
ration when we regard the evaporation as a sudden event.
In the second line, we have omitted the g∗ dependence
to have a simple expression (we have assumed gs,∗(Ti) =
gs,∗(Teq,1) = gs,∗(TR−) = gs,∗(TR) ' 106.75). Note that the
PBH evaporation causes the entropy production and there-
fore ki depends on β. Comparing the scales associated to
the PBH formation (Eq. (19)) and to the PBH evaporation
(Eq. (8)) , we see that the GWs induced right after the evapo-
ration have a smaller typical frequency than those produced
by other mechanisms.
III. EVOLUTIONS OF SCALAR PERTURBATIONS
Since the enhancement of GWs strongly depends on the
oscillation amplitude of the scalar perturbations after the
reheating transition (i.e. evaporation), we discuss the evo-
lutions of the perturbations around the transition here. The
results in this section are used in the next section to calcu-
late the induced GWs.
A. Formulas and numerical results
In this subsection, we introduce the formulas to calculate
the perturbations and show the numerical results. The met-
ric perturbations in the conformal Newtonian gauge can be
written as
ds2 =a2
[
− (1+2Φ)dη2
+
(
(1−2Ψ)δi j + 1
2
hi j
)
dxidx j
]
, (20)
where hi j is the tensor perturbation, which satisfies hii = 0
and ∂hi j /∂xi = 0. In the synchronous gauge, they can be
written as
ds2 = a2
[
−dη2+
(
δi j +Hi j + 1
2
hi j
)
dxidx j
]
, (21)
where, in Fourier space, Hi j = kˆi kˆ jγ+ (kˆi kˆ j − 13δi j )6².5
As we will introduce in the next section, we use the for-
mulas for the induced GWs which are derived in the confor-
mal Newtonian gauge. In addition, since we focus on the
early Universe, we can assume that there is no anisotropic
stress and takeΨ=Φ. Therefore, all we need to understand
is the evolution of the gravitational potential Φ around the
transition. In this paper, to make discussion easier, we first
calculate the perturbations in the synchronous gauge, and
then, we transform them to quantities in the Newtonian
gauge. This is because, in the synchronous gauge, the de-
cay rate (PBH evaporation rate) does not depend on the
spatial coordinates, and therefore the situation is simpler
5 γ and ² correspond to h and η in Ref. [117], respectively.
than that in the Newtonian gauge. The situation of the PBH
evaporation is similar to the decaying dark matter scenario,
and we express the PBH quantities as non-relativistic mat-
ter quantities, e.g. ρPBH → ρm to match the convention used
in Ref. [118].
First, we discuss background quantities. The Friedmann
equation reads
H = ap
3MPl
p
ρtot, (22)
where the comoving Hubble parameter is defined by H =
a′/a with a′ = da/dη. The derivatives of background quan-
tities are given by [118]
ρ′m =−
(
3H − dlnMPBH
dη
)
ρm, (23)
ρ′r =−4H ρr−
dlnMPBH
dη
ρm, (24)
where ρm and ρr are the energy densities of the non-
relativistic matter (PBHs) and radiation. Note here that
−dlnMPBH/dη is the PBH decay rate per conformal time aΓ
where Γ via evaporation is given in Eq. (6).
Next, we discuss the perturbations in the synchronous
gauge. Here, we introduce the perturbation as δ = δρ/ρ
where δρ is the perturbed energy density. The fluctuation
δρm originates from the fluctuation of the number den-
sity of PBHs. We also introduce the velocity divergence
θ ≡ ∂vi /∂xi where vi is the fluid velocity, and take the co-
ordinates that always satisfy θm = 0 [117]. Then, we obtain
the following equation [118]:
δ′m =−
γ′
2
. (25)
For radiation perturbations, we get
δ′r =−
4
3
(
θr+γ′/2
)− dlnMPBH
dη
ρm
ρr
(δm−δr) , (26)
θ′r =
k2
4
δr+ dlnMPBH
dη
ρm
ρr
θr, (27)
where we have neglected the anisotropic stress. The equa-
tions of motion for the metric perturbations are given
by [117]
k2²− 1
2
a′
a
γ′ =−3
2
H 2
(
ρm
ρtot
δm+ ρr
ρtot
δr
)
, (28)
k2²′ = 2H 2 ρr
ρtot
θr. (29)
Following Ref. [117], we take the initial conditions of the
perturbations as follows:
δr =−2
3
C
(
kη
)2 , δm = 3
4
δr, θr =− 1
18
C
(
k4η3
)
,
γ=C (kη)2 , ²= 2C − 1
18
C
(
kη
)2 , (30)
60.001 0.005 0.010 0.050 0.100 0.500 10.001
0.0050.010
0.0500.100
0.5001
⌘ = ⌘eq,1
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FIG. 1. Evolutions of the background energy densities and the
transfer function of the gravitational potential,Φ.
where the coefficient C is related to the curvature pertur-
bations as C = ζ/2 on superhorizon scales. Since the initial
conditions are derived by assuming a RD era in Ref. [117],
we start the numerical calculation much before the PBH-
dominated era starts.
Ψ in the conformal Newtonian gauge is related to ² and γ
in the synchronous gauge as
Ψ= ²−H α, (31)
with α ≡ (6²+γ)′/(2k2). Note again that we can safely take
Ψ = Φ in the regime of our interest. We numerically calcu-
late the perturbations around the transition which are gov-
erned by Eqs. (23)-(30). Then, by using the transformation
in Eq. (31), we acquire the time evolution of the gravitational
potentialΦ in the Newtonian gauge.
Figure 1 shows the evolutions of the energy densities and
the transfer function of the gravitational potential.6 The
transfer function is defined as the gravitational potential
that is normalized as Φ = 10/9 on the superhorizon scales
during the eRD era that precedes the PBH-dominated era.
This normalization corresponds to that taken in Ref. [87].
Here, we define ηeq,2 as the equality time, satisfying ρm = ρr,
around the reheating (ηeq,1 < ηeq,2). The difference between
ηeq,2 and ηeva is very small in Fig. 1 and therefore we can
use the two conformal times interchangeably when we esti-
mate the order of magnitude of the induced GWs, which is
one of the goals of this paper. From this figure, we can also
see that the gravitational potential slightly decays at the re-
heating (∼ ηeq,2) and starts to oscillate with the amplitude
of Φ∼O (0.1) after the reheating. Note that, if the transition
is exactly sudden, the gravitational potential does not decay
during the transition [87]. In this sense, the reheating is not
completely sudden, but more sudden than that in the case
with a constant decay rate, discussed in Ref. [86].
We can also see that the gravitational potential for a small
scale k = 450/ηeq,2 is less than unity even before ηeq,2. This
is because this perturbation reenters the horizon so early
that the Universe has not yet been completely dominated
by PBHs. Therefore, the perturbation decays a little bit until
PBHs dominate the Universe.
B. Wavenumber dependence of the suppression of
gravitational potential
The enhancement of the induced GWs is caused by the
fast oscillations of Φ after the transition [87]. Since the
power spectrum of the GWs depends on the fourth power
of Φ, it is essential to estimate its oscillation amplitude pre-
cisely. For this purpose, we define the normalization fac-
tor S(≤ 1) as the amplitude of Φ when it starts to oscillate
around ηeva as in Fig. 1 (see also Fig. 2 below). Namely, this
factor S characterizes how sudden the transition is. Roughly
speaking, S is close to unity when the perturbation enters
the horizon during the completely PBH-dominated era and
the reheating transition is sudden, while it becomes small
when the perturbation enters the horizon before the PBH-
dominated era or when the reheating transition is gradual.
In the first half of this subsection, we derive an analytic ap-
proximation formula for the normalization factor. In the lat-
ter half, it is numerically computed, and they are compared
with each other.
Let us start with a discussion on the wavenumber depen-
dence of the normalization factor S. First, we focus on the
suppression occurring soon after the horizon entry. A cor-
responding example in Fig. 1 is shown in the cyan dashed
line, i.e. Φ with k = 450/ηeq,2 around η/ηeq,2 ' 0.01. This
suppression occurs because of the remaining energy den-
sity of radiation around η ∼ ηeq,1. After the energy den-
sity of PBHs becomes much larger than that of radiation,
the gravitational potential becomes constant (the plateau in
Fig. 1). The evolution of the perturbations during the tran-
sition from the eRD era to the PBH-dominated era is the
same as that during the transition from the late RD era to
the late MD era at z ∼ 3400. The wavenumber dependence
of the constant value of the gravitational potential during
the PBH-dominated era, whose transfer function is dubbed
Φplateau, can be fitted by the following function [120, 121]:
Φplateau(xeq,1)≡Φ(x)|ηeq,1¿η.ηeq,2
6 Evolutions of other background quantities, such as the scale factor and the entropy density, are discussed in Ref. [119].
7' ln[1+0.146xeq,1](
0.146xeq,1
) [1+0.242xeq,1+ (1.01xeq,1)2+ (0.341xeq,1)3+ (0.418xeq,1)4]−0.25 , (32)
where xeq,1 ≡ kηeq,1 and Φplateau is normalized as
Φplateau(xeq,1 → 0)→ 1.
Next, we discuss the decay of the gravitational potential
during the reheating. According to Ref. [86], the decay of Φ
during the transition can be approximated as
Φ(t )
Φplateau
'exp
(
−
∫ t
ti
dt¯ Γ(t¯ )
)
= (3teva−3t )
1/3
(3teva−3ti)1/3
'
(
1−
(
t
teva
))1/3
, (33)
where ti(¿ teva) is the time at the PBH formation, and we
have used Eq. (6). After a while, Φ stops to follow Eq. (33) as
shown in Fig. 1 since Φ decouples from the matter pertur-
bation. Then, it starts to oscillate with its amplitude decay-
ing relatively slowly (∼ a−2). Since Eq. (33) is derived with
the assumption |Φ¨|¿ k2/(3a2)|Φ| as a necessary condition,
we expect that the decoupling occurs when or before the in-
equality becomes invalid. This means∣∣∣∣ Φ¨Φ
∣∣∣∣
t=tdec
' 2
9(tdec− teva)2
. k
2
3a2
, (34)
where the dot represents a derivative with respect to t and
tdec is the decoupling time. Then, we can define the lower
bound of the normalization factor S(k) as
Slow(k)≡
(
1−
(
tdec
teva
))1/3
Φplateau(xeq,1)
'
( p
6
kηeva
)1/3
Φplateau(xeq,1), (35)
where we have used the relation ηa = 3t , valid during the
PBH-dominated era.
In the following, we compare the above analytic estima-
tions with numerical calculations. In the RD era after the re-
heating due to PBH evaporation, the evolution of the grav-
itational potential is given as the solution of the following
equation [116]:
Φ′′+4HΦ′+ k
2
3
Φ= 0. (36)
To quantify the decay during the transition, we define the
fitting formula forΦ as
Φosc,fit(x,x0)= S
(
A(x0)J (x,x0)+B(x0)Y (x,x0)
)
, (37)
with x = kη. Here S and x0 are fitting parameters, which
describe the suppression of Φ before its oscillation and the
start time of the oscillation, respectively. J (x) and Y (x)
are independent solutions for Eq. (36), which can be written
with the first and second spherical Bessel functions, j1(x)
and y1(x), as
J (x,x0)=
3
p
3 j1
(
x−x0/2p
3
)
x−x0/2
, Y (x,x0)=
3
p
3 y1
(
x−x0/2p
3
)
x−x0/2
.
(38)
We determine the coefficients A(x0) and B(x0) so that
Φ(x0)= S andΦ′(x0)= 0:
A(x0)= 1
J (x0)− Y (x0)Y ′(x0)J ′(x0)
, (39)
B(x0)=−
J ′(x0)
Y ′(x0)
A(x0). (40)
Note that, if the transition is exactly sudden as discussed
in Ref. [87], the approximation formula with x0 = xR and
S =Φplateau fits the numerical result, where xR = kηR and ηR
is the conformal time at the sudden-limit reheating. From
this, we expect that x0 ' kηeva fits the numerical results well
in the situation we consider here. In fact, by numerically
finding the optimal value of x0, we confirm x0 ' kηeva. Fig-
ure 2 shows the numerical result and the approximation for-
mula with the fitted parameters. We can see that the ap-
proximation formula agrees with the oscillation part of the
numerical result.
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FIG. 2. The evolution of Φ with k = 450/ηeq,2, stretched around
the transition. The numerical result and the fitting formula for the
oscillation, given in Eq. (37), are plotted with a cyan dashed and a
brown dotted line, respectively. S = 0.108 and x0 = 236 are taken as
the fitted parameters. The normalization factor S(= 0.108) is also
plotted with a red solid line.
Figure 3 shows the wavenumber dependence of the
normalization factor with different lengths of the PBH-
dominated era, characterized by ηeq,2/ηeq,1 = 1000, 225, and
875. The lower bounds (dashed lines; Eq. (35)) and the nu-
merical results (solid lines; Eqs. (37)-(40)) are compared. We
can see that the normalization factor is close to its lower
bound for k & 2/ηeq,1. The difference between the numeri-
cal result and the lower bound is less than 20% at k = 2/ηeq,1
for 75< ηeq,2/ηeq,1 < 1000. It becomes smaller for a larger k.
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⌘eq,2/⌘eq,1 = 1000
<latexit sha1_base64="2FbkSJ02+eBjofRbVFe5yH2YApg=">AAAQsnicpVd LjxtFEK6ER8LyiBMuSFxGbBYFKWzam+WhCFCURYIoJNl4XxFeY82M25vRjseDZ2x2M/Ef4MiFAyeQOCB+AFyBC3+AQ34C4hgkLhz4uno8Hr+mvcYjz/R8XV9VdXV1 dY8T+l4UC/H41Omnnn7m2TNnn1t6/oUXXzpXOn9hN2p3O67ccdt+u3PfsSPpe4Hcib3Yl/fDjrRbji/3nMMN1b/Xk53Iawfb8XEoay37IPCanmvHgOqly/sytuvJf iyP4kR+3r+81r8yDpX71vtWWQhRLy2LVcE/a7JRThvLlP422+fP/ET71KA2udSlFkkKKEbbJ5siXFUqk6AQWI0SYB20PO6X1KclcLuQkpCwgR7ifoC3aooGeFc6I2 a7sOLj3wHTohXxh/hBPBG/ix/Fn+LfmboS1qF8OcbT0VwZ1s99+crWP0ZWC8+YHgxZhT7H1KR32VcPvoeMqFG4mt97+PWTrWuVleR18Z34C/5/Kx6L3zCCoPe3+/0 9WfkG2pdoBbIbsGmDqTRbGHOA+zpdoTV6u8BnB/72WYfSMrgsuoPeLzh+LR5RgBmLlEfZpXQGU6QS4GXoVE8VvTYdoa2QfXgYpR4o229inlfh31t4a3H/UN7He599 mm2lArwBKZUxKoIKG854gr/ut9BeZg/6aQbN0tgD3stptICpvGtiVt7L6VF4BzN2gBHF9AHei/U6kLYn9OrZ8nm+hpofGbUdAo9HtD2a8C2vu1hbCOkgp2044kszR /yGQadGpumsztRZM+hsAO+keRVmdcHmTCnmNbJs1Cuzg1bCaDFzG9c05raReRse+sy9TXVGFNOizSyvZ3NbiIditph5lVewiWMjw6Kp8dY5rWI1K+5DCZNfIeS9zL ebBvmP6WEaPSsXAY2aoudxRiY53gAzMW1Uj3GmxoqZt9B+wFHTOXYL2Gtc0/sZblpJd+iTdMSqhh/hnqSYiVmZ4FXmYH1EexM8jZmZknancDVqYsf8djTBH6Amvpv LJJV9ai0PkKV0pTezVbTIGoo4u9U9TK2oPTXCHtjhvUav5qGkQj7LbCS0xdndh91wbluNhW19uICt4H/aMq+lbboL6btz7K8JXYRMleuKOqd1uRp14UE8BbnIcg5m 2OJ6ZAGZh2fBhxpkzbu45JPiZN2WKbP4VHGD7cqRajrI8fzonUxOx7uJS50APeDH6dhMni5iaz7NrfSEp87WtlH/uPRJrKj4OguMY6j/JGe86XqHmbjoTJzUzjw6H bRHY+Lg/YB3soRPLmqNBlwx9UrQ67kx1muy4hZYcfmrSvLpYNJKvtdUs5VHm2PrSqMJ48X8gG0keNa5kqgalN87tuZY11vZnjG6rjVezN2Ywd3IuMWng5v8RTarEr rIMzutydWsuinWNTx13GtzjFCdOIvshFzpw/RbOG9LMafZwoUv9PL49/hkY3dttSxWy/fWl6/fSL/Vz9KrOANdgr536DpObpu0A2++op/pF/q1tF76tGSXXC16+lT KeZlGfiX/PxJsVPQ=</latexit><latexit sha1_base64="2FbkSJ02+eBjofRbVFe5yH2YApg=">AAAQsnicpVd LjxtFEK6ER8LyiBMuSFxGbBYFKWzam+WhCFCURYIoJNl4XxFeY82M25vRjseDZ2x2M/Ef4MiFAyeQOCB+AFyBC3+AQ34C4hgkLhz4uno8Hr+mvcYjz/R8XV9VdXV1 dY8T+l4UC/H41Omnnn7m2TNnn1t6/oUXXzpXOn9hN2p3O67ccdt+u3PfsSPpe4Hcib3Yl/fDjrRbji/3nMMN1b/Xk53Iawfb8XEoay37IPCanmvHgOqly/sytuvJf iyP4kR+3r+81r8yDpX71vtWWQhRLy2LVcE/a7JRThvLlP422+fP/ET71KA2udSlFkkKKEbbJ5siXFUqk6AQWI0SYB20PO6X1KclcLuQkpCwgR7ifoC3aooGeFc6I2 a7sOLj3wHTohXxh/hBPBG/ix/Fn+LfmboS1qF8OcbT0VwZ1s99+crWP0ZWC8+YHgxZhT7H1KR32VcPvoeMqFG4mt97+PWTrWuVleR18Z34C/5/Kx6L3zCCoPe3+/0 9WfkG2pdoBbIbsGmDqTRbGHOA+zpdoTV6u8BnB/72WYfSMrgsuoPeLzh+LR5RgBmLlEfZpXQGU6QS4GXoVE8VvTYdoa2QfXgYpR4o229inlfh31t4a3H/UN7He599 mm2lArwBKZUxKoIKG854gr/ut9BeZg/6aQbN0tgD3stptICpvGtiVt7L6VF4BzN2gBHF9AHei/U6kLYn9OrZ8nm+hpofGbUdAo9HtD2a8C2vu1hbCOkgp2044kszR /yGQadGpumsztRZM+hsAO+keRVmdcHmTCnmNbJs1Cuzg1bCaDFzG9c05raReRse+sy9TXVGFNOizSyvZ3NbiIditph5lVewiWMjw6Kp8dY5rWI1K+5DCZNfIeS9zL ebBvmP6WEaPSsXAY2aoudxRiY53gAzMW1Uj3GmxoqZt9B+wFHTOXYL2Gtc0/sZblpJd+iTdMSqhh/hnqSYiVmZ4FXmYH1EexM8jZmZknancDVqYsf8djTBH6Amvpv LJJV9ai0PkKV0pTezVbTIGoo4u9U9TK2oPTXCHtjhvUav5qGkQj7LbCS0xdndh91wbluNhW19uICt4H/aMq+lbboL6btz7K8JXYRMleuKOqd1uRp14UE8BbnIcg5m 2OJ6ZAGZh2fBhxpkzbu45JPiZN2WKbP4VHGD7cqRajrI8fzonUxOx7uJS50APeDH6dhMni5iaz7NrfSEp87WtlH/uPRJrKj4OguMY6j/JGe86XqHmbjoTJzUzjw6H bRHY+Lg/YB3soRPLmqNBlwx9UrQ67kx1muy4hZYcfmrSvLpYNJKvtdUs5VHm2PrSqMJ48X8gG0keNa5kqgalN87tuZY11vZnjG6rjVezN2Ywd3IuMWng5v8RTarEr rIMzutydWsuinWNTx13GtzjFCdOIvshFzpw/RbOG9LMafZwoUv9PL49/hkY3dttSxWy/fWl6/fSL/Vz9KrOANdgr536DpObpu0A2++op/pF/q1tF76tGSXXC16+lT KeZlGfiX/PxJsVPQ=</latexit><latexit sha1_base64="2FbkSJ02+eBjofRbVFe5yH2YApg=">AAAQsnicpVd LjxtFEK6ER8LyiBMuSFxGbBYFKWzam+WhCFCURYIoJNl4XxFeY82M25vRjseDZ2x2M/Ef4MiFAyeQOCB+AFyBC3+AQ34C4hgkLhz4uno8Hr+mvcYjz/R8XV9VdXV1 dY8T+l4UC/H41Omnnn7m2TNnn1t6/oUXXzpXOn9hN2p3O67ccdt+u3PfsSPpe4Hcib3Yl/fDjrRbji/3nMMN1b/Xk53Iawfb8XEoay37IPCanmvHgOqly/sytuvJf iyP4kR+3r+81r8yDpX71vtWWQhRLy2LVcE/a7JRThvLlP422+fP/ET71KA2udSlFkkKKEbbJ5siXFUqk6AQWI0SYB20PO6X1KclcLuQkpCwgR7ifoC3aooGeFc6I2 a7sOLj3wHTohXxh/hBPBG/ix/Fn+LfmboS1qF8OcbT0VwZ1s99+crWP0ZWC8+YHgxZhT7H1KR32VcPvoeMqFG4mt97+PWTrWuVleR18Z34C/5/Kx6L3zCCoPe3+/0 9WfkG2pdoBbIbsGmDqTRbGHOA+zpdoTV6u8BnB/72WYfSMrgsuoPeLzh+LR5RgBmLlEfZpXQGU6QS4GXoVE8VvTYdoa2QfXgYpR4o229inlfh31t4a3H/UN7He599 mm2lArwBKZUxKoIKG854gr/ut9BeZg/6aQbN0tgD3stptICpvGtiVt7L6VF4BzN2gBHF9AHei/U6kLYn9OrZ8nm+hpofGbUdAo9HtD2a8C2vu1hbCOkgp2044kszR /yGQadGpumsztRZM+hsAO+keRVmdcHmTCnmNbJs1Cuzg1bCaDFzG9c05raReRse+sy9TXVGFNOizSyvZ3NbiIditph5lVewiWMjw6Kp8dY5rWI1K+5DCZNfIeS9zL ebBvmP6WEaPSsXAY2aoudxRiY53gAzMW1Uj3GmxoqZt9B+wFHTOXYL2Gtc0/sZblpJd+iTdMSqhh/hnqSYiVmZ4FXmYH1EexM8jZmZknancDVqYsf8djTBH6Amvpv LJJV9ai0PkKV0pTezVbTIGoo4u9U9TK2oPTXCHtjhvUav5qGkQj7LbCS0xdndh91wbluNhW19uICt4H/aMq+lbboL6btz7K8JXYRMleuKOqd1uRp14UE8BbnIcg5m 2OJ6ZAGZh2fBhxpkzbu45JPiZN2WKbP4VHGD7cqRajrI8fzonUxOx7uJS50APeDH6dhMni5iaz7NrfSEp87WtlH/uPRJrKj4OguMY6j/JGe86XqHmbjoTJzUzjw6H bRHY+Lg/YB3soRPLmqNBlwx9UrQ67kx1muy4hZYcfmrSvLpYNJKvtdUs5VHm2PrSqMJ48X8gG0keNa5kqgalN87tuZY11vZnjG6rjVezN2Ywd3IuMWng5v8RTarEr rIMzutydWsuinWNTx13GtzjFCdOIvshFzpw/RbOG9LMafZwoUv9PL49/hkY3dttSxWy/fWl6/fSL/Vz9KrOANdgr536DpObpu0A2++op/pF/q1tF76tGSXXC16+lT KeZlGfiX/PxJsVPQ=</latexit><latexit sha1_base64="2FbkSJ02+eBjofRbVFe5yH2YApg=">AAAQsnicpVd LjxtFEK6ER8LyiBMuSFxGbBYFKWzam+WhCFCURYIoJNl4XxFeY82M25vRjseDZ2x2M/Ef4MiFAyeQOCB+AFyBC3+AQ34C4hgkLhz4uno8Hr+mvcYjz/R8XV9VdXV1 dY8T+l4UC/H41Omnnn7m2TNnn1t6/oUXXzpXOn9hN2p3O67ccdt+u3PfsSPpe4Hcib3Yl/fDjrRbji/3nMMN1b/Xk53Iawfb8XEoay37IPCanmvHgOqly/sytuvJf iyP4kR+3r+81r8yDpX71vtWWQhRLy2LVcE/a7JRThvLlP422+fP/ET71KA2udSlFkkKKEbbJ5siXFUqk6AQWI0SYB20PO6X1KclcLuQkpCwgR7ifoC3aooGeFc6I2 a7sOLj3wHTohXxh/hBPBG/ix/Fn+LfmboS1qF8OcbT0VwZ1s99+crWP0ZWC8+YHgxZhT7H1KR32VcPvoeMqFG4mt97+PWTrWuVleR18Z34C/5/Kx6L3zCCoPe3+/0 9WfkG2pdoBbIbsGmDqTRbGHOA+zpdoTV6u8BnB/72WYfSMrgsuoPeLzh+LR5RgBmLlEfZpXQGU6QS4GXoVE8VvTYdoa2QfXgYpR4o229inlfh31t4a3H/UN7He599 mm2lArwBKZUxKoIKG854gr/ut9BeZg/6aQbN0tgD3stptICpvGtiVt7L6VF4BzN2gBHF9AHei/U6kLYn9OrZ8nm+hpofGbUdAo9HtD2a8C2vu1hbCOkgp2044kszR /yGQadGpumsztRZM+hsAO+keRVmdcHmTCnmNbJs1Cuzg1bCaDFzG9c05raReRse+sy9TXVGFNOizSyvZ3NbiIditph5lVewiWMjw6Kp8dY5rWI1K+5DCZNfIeS9zL ebBvmP6WEaPSsXAY2aoudxRiY53gAzMW1Uj3GmxoqZt9B+wFHTOXYL2Gtc0/sZblpJd+iTdMSqhh/hnqSYiVmZ4FXmYH1EexM8jZmZknancDVqYsf8djTBH6Amvpv LJJV9ai0PkKV0pTezVbTIGoo4u9U9TK2oPTXCHtjhvUav5qGkQj7LbCS0xdndh91wbluNhW19uICt4H/aMq+lbboL6btz7K8JXYRMleuKOqd1uRp14UE8BbnIcg5m 2OJ6ZAGZh2fBhxpkzbu45JPiZN2WKbP4VHGD7cqRajrI8fzonUxOx7uJS50APeDH6dhMni5iaz7NrfSEp87WtlH/uPRJrKj4OguMY6j/JGe86XqHmbjoTJzUzjw6H bRHY+Lg/YB3soRPLmqNBlwx9UrQ67kx1muy4hZYcfmrSvLpYNJKvtdUs5VHm2PrSqMJ48X8gG0keNa5kqgalN87tuZY11vZnjG6rjVezN2Ywd3IuMWng5v8RTarEr rIMzutydWsuinWNTx13GtzjFCdOIvshFzpw/RbOG9LMafZwoUv9PL49/hkY3dttSxWy/fWl6/fSL/Vz9KrOANdgr536DpObpu0A2++op/pF/q1tF76tGSXXC16+lT KeZlGfiX/PxJsVPQ=</latexit>
⌘
eq,2 /⌘
eq,1 =
75
<latexit sha1_base64="/KNHncNseSRNBFh8aG39HjuKlSk=">AAAQsHicpVfNj9tEFH8tH2 2Xj6ZwqcTFYruoINg6S0urClDVRYKqtN0m+yVlQ2Q7k61Zx3FtJ+zWzT/AiRsHTiBxQNzhCBIX/gEO/RMQxyJx4cBv3jiO8+XJhlixx795v/fevHnzZmwHnhvFpvnkxMlnnn3u+VOnzyy98OJLL 58tnXtlO+p0Q0dsOR2vE+7aViQ81xdbsRt7YjcIhdW2PbFjH6zL/p2eCCO342/GR4Got6193225jhUDapTe2hOx1Uj2YnEYJ+Jh/+21/qVxqNw3PjCuXmmUls1Vk3/GZKOcNpYp/W10zp36mfa oSR1yqEttEuRTjLZHFkW4alQmkwJgdUqAhWi53C+oT0vgdiElIGEBPcB9H2+1FPXxLnVGzHZgxcM/BNOgFfMP8wfzqfm7+aP5p/nvTF0J65C+HOFpK64IGme/PF/9R8tq4xnTgyGr0OeYWnSNfX Xhe8CIHIWj+L1HXz+tXq+sJG+Y35l/wf9vzSfmbxiB3/vb+f6+qHwD7Uu0Atl12LTAlJoNjNnH/TJdojV6r8BnG/72WYfUMrgMuoveLzh+bR6RjxmLpEfZJXX6U6QS4GXolE8ZvQ4doi2RPXgYp R5I2+9gnlfh3xW8tbl/KO/hvc8+zbZSAd6ElMwYGUGJDWc8wV/1G2gvswf9NINmaewB7+U0GsBk3rUwK+/n9Eg8xIztY0QxfYj3Yr02pK0JvWq2PJ6voebHWm0HwOMRbY8nfMvrLtYWQNrPaRuO +OLMEb+p0amQaTprM3XWNTqbwMM0r4KsLlicKcW8ZpaNamWGaCWMFjM3cU1jbmqZd+Chx9w71GBEMg3ayPJ6NreNeEhmm5nv8grWcSxkWDQ13iqnZaxmxX0oofMrgLyb+XZLI/8JPUqjZ+QioFB d9FzOyCTHG2A6poXqMc5UWDHzNtoPOGoqx24De51rej/DdSvpLn2ajljW8EPckxTTMSsTvMocrI9pZ4KnMD1T0PYUrkJ17JjfDif4A1THd3KZJLNPruUBspSu9Fa2ihZZQxFnt7wHqRW5p0bYA 0Pea9RqHkpK5LPMRkJVzu4+7AZz22oubOujBWz5/9OWfi1t0j1I35tjf03oAmRqXFfkOa3L1agLD+IpyAWWszHDBtcjA8g8PAM+1CGr38UFnxQn67ZImcWniptsV4xU00GO50dvZ3Iq3i1c8gTo Aj9Kx6bzdBFb82lupyc8eba2tPrHpY9jRcbXXmAcQ/3HOeNN1zvMxEVn4rh25tFpoz0aExvv+7yTJXxykWvU54qpVoJaz82xXp0Vp8CKw19Vgk8Hk1byvbqaLT3aGFtXCk0YL+b7bCPBs8GVRNa g/N5RnWNdV7M9Y3RdK7yYuz6Du55xi08Ht/iLbFYldJBnVlqTa1l1k6zreKq41+cYoTxxFtkJuNIH6bdw3pZkTrOFC1/o5fHv8cnG9tpq2Vwt37+8fONm+q1+ml7DGegi9F2lGzi5bdAWvPmKfq Jf6NfSWmm31ChZSvTkiZTzKo38Sp//BzANVIs=</latexit><latexit sha1_base64="/KNHncNseSRNBFh8aG39HjuKlSk=">AAAQsHicpVfNj9tEFH8tH2 2Xj6ZwqcTFYruoINg6S0urClDVRYKqtN0m+yVlQ2Q7k61Zx3FtJ+zWzT/AiRsHTiBxQNzhCBIX/gEO/RMQxyJx4cBv3jiO8+XJhlixx795v/fevHnzZmwHnhvFpvnkxMlnnn3u+VOnzyy98OJLL 58tnXtlO+p0Q0dsOR2vE+7aViQ81xdbsRt7YjcIhdW2PbFjH6zL/p2eCCO342/GR4Got6193225jhUDapTe2hOx1Uj2YnEYJ+Jh/+21/qVxqNw3PjCuXmmUls1Vk3/GZKOcNpYp/W10zp36mfa oSR1yqEttEuRTjLZHFkW4alQmkwJgdUqAhWi53C+oT0vgdiElIGEBPcB9H2+1FPXxLnVGzHZgxcM/BNOgFfMP8wfzqfm7+aP5p/nvTF0J65C+HOFpK64IGme/PF/9R8tq4xnTgyGr0OeYWnSNfX Xhe8CIHIWj+L1HXz+tXq+sJG+Y35l/wf9vzSfmbxiB3/vb+f6+qHwD7Uu0Atl12LTAlJoNjNnH/TJdojV6r8BnG/72WYfUMrgMuoveLzh+bR6RjxmLpEfZJXX6U6QS4GXolE8ZvQ4doi2RPXgYp R5I2+9gnlfh3xW8tbl/KO/hvc8+zbZSAd6ElMwYGUGJDWc8wV/1G2gvswf9NINmaewB7+U0GsBk3rUwK+/n9Eg8xIztY0QxfYj3Yr02pK0JvWq2PJ6voebHWm0HwOMRbY8nfMvrLtYWQNrPaRuO +OLMEb+p0amQaTprM3XWNTqbwMM0r4KsLlicKcW8ZpaNamWGaCWMFjM3cU1jbmqZd+Chx9w71GBEMg3ayPJ6NreNeEhmm5nv8grWcSxkWDQ13iqnZaxmxX0oofMrgLyb+XZLI/8JPUqjZ+QioFB d9FzOyCTHG2A6poXqMc5UWDHzNtoPOGoqx24De51rej/DdSvpLn2ajljW8EPckxTTMSsTvMocrI9pZ4KnMD1T0PYUrkJ17JjfDif4A1THd3KZJLNPruUBspSu9Fa2ihZZQxFnt7wHqRW5p0bYA 0Pea9RqHkpK5LPMRkJVzu4+7AZz22oubOujBWz5/9OWfi1t0j1I35tjf03oAmRqXFfkOa3L1agLD+IpyAWWszHDBtcjA8g8PAM+1CGr38UFnxQn67ZImcWniptsV4xU00GO50dvZ3Iq3i1c8gTo Aj9Kx6bzdBFb82lupyc8eba2tPrHpY9jRcbXXmAcQ/3HOeNN1zvMxEVn4rh25tFpoz0aExvv+7yTJXxykWvU54qpVoJaz82xXp0Vp8CKw19Vgk8Hk1byvbqaLT3aGFtXCk0YL+b7bCPBs8GVRNa g/N5RnWNdV7M9Y3RdK7yYuz6Du55xi08Ht/iLbFYldJBnVlqTa1l1k6zreKq41+cYoTxxFtkJuNIH6bdw3pZkTrOFC1/o5fHv8cnG9tpq2Vwt37+8fONm+q1+ml7DGegi9F2lGzi5bdAWvPmKfq Jf6NfSWmm31ChZSvTkiZTzKo38Sp//BzANVIs=</latexit><latexit sha1_base64="/KNHncNseSRNBFh8aG39HjuKlSk=">AAAQsHicpVfNj9tEFH8tH2 2Xj6ZwqcTFYruoINg6S0urClDVRYKqtN0m+yVlQ2Q7k61Zx3FtJ+zWzT/AiRsHTiBxQNzhCBIX/gEO/RMQxyJx4cBv3jiO8+XJhlixx795v/fevHnzZmwHnhvFpvnkxMlnnn3u+VOnzyy98OJLL 58tnXtlO+p0Q0dsOR2vE+7aViQ81xdbsRt7YjcIhdW2PbFjH6zL/p2eCCO342/GR4Got6193225jhUDapTe2hOx1Uj2YnEYJ+Jh/+21/qVxqNw3PjCuXmmUls1Vk3/GZKOcNpYp/W10zp36mfa oSR1yqEttEuRTjLZHFkW4alQmkwJgdUqAhWi53C+oT0vgdiElIGEBPcB9H2+1FPXxLnVGzHZgxcM/BNOgFfMP8wfzqfm7+aP5p/nvTF0J65C+HOFpK64IGme/PF/9R8tq4xnTgyGr0OeYWnSNfX Xhe8CIHIWj+L1HXz+tXq+sJG+Y35l/wf9vzSfmbxiB3/vb+f6+qHwD7Uu0Atl12LTAlJoNjNnH/TJdojV6r8BnG/72WYfUMrgMuoveLzh+bR6RjxmLpEfZJXX6U6QS4GXolE8ZvQ4doi2RPXgYp R5I2+9gnlfh3xW8tbl/KO/hvc8+zbZSAd6ElMwYGUGJDWc8wV/1G2gvswf9NINmaewB7+U0GsBk3rUwK+/n9Eg8xIztY0QxfYj3Yr02pK0JvWq2PJ6voebHWm0HwOMRbY8nfMvrLtYWQNrPaRuO +OLMEb+p0amQaTprM3XWNTqbwMM0r4KsLlicKcW8ZpaNamWGaCWMFjM3cU1jbmqZd+Chx9w71GBEMg3ayPJ6NreNeEhmm5nv8grWcSxkWDQ13iqnZaxmxX0oofMrgLyb+XZLI/8JPUqjZ+QioFB d9FzOyCTHG2A6poXqMc5UWDHzNtoPOGoqx24De51rej/DdSvpLn2ajljW8EPckxTTMSsTvMocrI9pZ4KnMD1T0PYUrkJ17JjfDif4A1THd3KZJLNPruUBspSu9Fa2ihZZQxFnt7wHqRW5p0bYA 0Pea9RqHkpK5LPMRkJVzu4+7AZz22oubOujBWz5/9OWfi1t0j1I35tjf03oAmRqXFfkOa3L1agLD+IpyAWWszHDBtcjA8g8PAM+1CGr38UFnxQn67ZImcWniptsV4xU00GO50dvZ3Iq3i1c8gTo Aj9Kx6bzdBFb82lupyc8eba2tPrHpY9jRcbXXmAcQ/3HOeNN1zvMxEVn4rh25tFpoz0aExvv+7yTJXxykWvU54qpVoJaz82xXp0Vp8CKw19Vgk8Hk1byvbqaLT3aGFtXCk0YL+b7bCPBs8GVRNa g/N5RnWNdV7M9Y3RdK7yYuz6Du55xi08Ht/iLbFYldJBnVlqTa1l1k6zreKq41+cYoTxxFtkJuNIH6bdw3pZkTrOFC1/o5fHv8cnG9tpq2Vwt37+8fONm+q1+ml7DGegi9F2lGzi5bdAWvPmKfq Jf6NfSWmm31ChZSvTkiZTzKo38Sp//BzANVIs=</latexit><latexit sha1_base64="/KNHncNseSRNBFh8aG39HjuKlSk=">AAAQsHicpVfNj9tEFH8tH2 2Xj6ZwqcTFYruoINg6S0urClDVRYKqtN0m+yVlQ2Q7k61Zx3FtJ+zWzT/AiRsHTiBxQNzhCBIX/gEO/RMQxyJx4cBv3jiO8+XJhlixx795v/fevHnzZmwHnhvFpvnkxMlnnn3u+VOnzyy98OJLL 58tnXtlO+p0Q0dsOR2vE+7aViQ81xdbsRt7YjcIhdW2PbFjH6zL/p2eCCO342/GR4Got6193225jhUDapTe2hOx1Uj2YnEYJ+Jh/+21/qVxqNw3PjCuXmmUls1Vk3/GZKOcNpYp/W10zp36mfa oSR1yqEttEuRTjLZHFkW4alQmkwJgdUqAhWi53C+oT0vgdiElIGEBPcB9H2+1FPXxLnVGzHZgxcM/BNOgFfMP8wfzqfm7+aP5p/nvTF0J65C+HOFpK64IGme/PF/9R8tq4xnTgyGr0OeYWnSNfX Xhe8CIHIWj+L1HXz+tXq+sJG+Y35l/wf9vzSfmbxiB3/vb+f6+qHwD7Uu0Atl12LTAlJoNjNnH/TJdojV6r8BnG/72WYfUMrgMuoveLzh+bR6RjxmLpEfZJXX6U6QS4GXolE8ZvQ4doi2RPXgYp R5I2+9gnlfh3xW8tbl/KO/hvc8+zbZSAd6ElMwYGUGJDWc8wV/1G2gvswf9NINmaewB7+U0GsBk3rUwK+/n9Eg8xIztY0QxfYj3Yr02pK0JvWq2PJ6voebHWm0HwOMRbY8nfMvrLtYWQNrPaRuO +OLMEb+p0amQaTprM3XWNTqbwMM0r4KsLlicKcW8ZpaNamWGaCWMFjM3cU1jbmqZd+Chx9w71GBEMg3ayPJ6NreNeEhmm5nv8grWcSxkWDQ13iqnZaxmxX0oofMrgLyb+XZLI/8JPUqjZ+QioFB d9FzOyCTHG2A6poXqMc5UWDHzNtoPOGoqx24De51rej/DdSvpLn2ajljW8EPckxTTMSsTvMocrI9pZ4KnMD1T0PYUrkJ17JjfDif4A1THd3KZJLNPruUBspSu9Fa2ihZZQxFnt7wHqRW5p0bYA 0Pea9RqHkpK5LPMRkJVzu4+7AZz22oubOujBWz5/9OWfi1t0j1I35tjf03oAmRqXFfkOa3L1agLD+IpyAWWszHDBtcjA8g8PAM+1CGr38UFnxQn67ZImcWniptsV4xU00GO50dvZ3Iq3i1c8gTo Aj9Kx6bzdBFb82lupyc8eba2tPrHpY9jRcbXXmAcQ/3HOeNN1zvMxEVn4rh25tFpoz0aExvv+7yTJXxykWvU54qpVoJaz82xXp0Vp8CKw19Vgk8Hk1byvbqaLT3aGFtXCk0YL+b7bCPBs8GVRNa g/N5RnWNdV7M9Y3RdK7yYuz6Du55xi08Ht/iLbFYldJBnVlqTa1l1k6zreKq41+cYoTxxFtkJuNIH6bdw3pZkTrOFC1/o5fHv8cnG9tpq2Vwt37+8fONm+q1+ml7DGegi9F2lGzi5bdAWvPmKfq Jf6NfSWmm31ChZSvTkiZTzKo38Sp//BzANVIs=</latexit>
FIG. 3. Wavenumber dependence of the normalization factor
with ηeq,2/ηeq,1 = 1000 (blue, top), 225 (orange, middle), and 75
(green, bottom). Solid lines show the numerical results, and dot-
ted lines show the lower bounds of the normalization factor Slow
(see Eq. (35)).
IV. GRAVITATIONAL WAVES INDUCED BY SCALAR
PERTURBATIONS
In this section, we discuss the GWs induced by the scalar
perturbations that experience the PBH-dominated era. As
a byproduct, we develop a method to estimate the induced
GWs in the presence of the sudden reheating from an eMD
era with a finite duration, which is preceded by an eRD era.
Such multiple changes of the equation-of-state for the Uni-
verse is naturally realized in the case of a PBH-dominated
era, but one can consider other cases such as moduli dom-
ination. Some of the techniques and results in this and the
subsequent sections, including the estimate on how sud-
den the transition should be for significant enhancement of
GWs, are also applicable to such general cases.
In the following, we consider the induced GWs in the
conformal Newtonian gauge and assume that the curvature
perturbations follow the Gaussian distribution for simplic-
ity.7
7 The gauge (in)dependence of the induced GWs is discussed in Refs. [122–
128] and the effects of the non-Gaussianity are discussed in Refs. [74, 77,
129, 130].
A. Basic formulas
Here, we briefly summarize the formulas for the induced
GWs which are introduced in Ref. [87], though some of
them are modified to fit the situation of the reheating by
the PBH evaporation. For the moment, we regard the PBH-
dominated era suddenly ends at ηeva(' ηeq,2) for simplicity
(see Fig. 1). We will explain how to take into account the fact
that it is not completely sudden later (below Eq. (49)).
Since the scale factor and the Hubble parameter are con-
tinuous at ηeva, their time dependences can be expressed
as [116]
a(η)
a(ηeq,1)
=

(
η
η∗
)2
+2
(
η
η∗
)
(η≤ ηeva)
2η
(
ηeva+η∗
)−η2eva
η2∗
(η> ηeva)
, (41)
H (η)=

2η+2η∗
η2+2ηη∗
(η≤ ηeva)
1
η− η2eva
2(ηeva+η∗)
(η> ηeva)
, (42)
where η∗ = ηeq,1/
(p
2−1). The energy density parameter of
the induced GWs per logarithmic interval in k is given by
ΩGW(η,k)= ρGW(η,k)
ρtot(η)
= 1
24
(
k
a(η)H(η)
)2
Ph(η,k), (43)
where Ph(η,k) is the time-averaged power spectrum of
GWs, which is related to the power spectrum of the curva-
ture perturbations as [70, 73]
Ph(η,k)= 4
∫ ∞
0
dv
∫ 1+v
|1−v |
du
[
4v2− (1+ v2−u2)2
4vu
]2
× I 2(u,v,k,η,ηeva)Pζ(uk)Pζ(vk). (44)
I (u,v,k,η,ηeva) describes the evolution of the scalar pertur-
bation and can be expressed as
I (u,v,k,η,ηeva)=
∫ x
0
dx¯
a(η¯)
a(η)
kGk (η, η¯) f (u,v, x¯,xeva), (45)
where xeva = kηeva. Gk (η, η¯) is the Green function satisfying
the following equation:
G ′′k (η, η¯)+
(
k2− a
′′(η)
a(η)
)
Gk (η, η¯)= δ(η− η¯), (46)
where the prime denotes the derivative with respect to η,
not η¯. The function f (u,v, x¯,xeva) in Eq. (45) is expressed
with the transfer functions of the gravitational potential (Φ)
as
f (u,v, x¯,xeva)= 3
25(1+w)
[
2(5+3w)Φ(ux¯)Φ(v x¯)
+4H −1 (Φ′(ux¯)Φ(v x¯)+Φ(ux¯)Φ′(v x¯))
+4H −2Φ′(ux¯)Φ′(v x¯)] (47)
9where w is the equation-of-state parameter, defined as w ≡
P/ρ with P being the pressure. We take the same normaliza-
tion of Φ as in Fig. 1 (Φ(x→ 0) = 10/9). Note that Φ(x) also
depends on xeva implicitly, so, e.g., Φ(ux¯) actually means
Φ(ux¯,uxeva).
The evolution of the transfer function is discussed in
Sec. III. If there is a PBH-dominated era in the early Uni-
verse, the dominant contribution comes from the fast os-
cillations of Φ at η > ηeva [87]. For the perturbations enter-
ing the horizon much before the reheating where kηeva À 1,
the last term in Eq. (47) dominates because it behaves as
H −2(Φ′)2 ∼ (kηeva)2Φ2 soon after the reheating. Then, the
enhanced source term leads to the amplification of the in-
duced GWs. This is the Poltergeist mechanism (see also
Ref. [87] for a detailed explanation of the enhancement of
the induced GWs).
A more physical explanation of the Poltergeist mecha-
nism is given as follows. During the PBH-dominated era,
the density perturbations grow proportionally to the scale
factor, and the scalar source term for each k is kept con-
stant even for the subhorizon modes. The density perturba-
tions are nothing but the PBH number-density fluctuations,
so they do not oscillate. After the reheating by the PBH evap-
oration, PBHs and their fluctuations are converted to radia-
tion and its fluctuation. The fluctuation of radiation is noth-
ing but the sound waves of the thermal bath. These sound
waves oscillate with their enhanced amplitudes because the
density perturbations have grown until the evaporation and
they do not have enough time to decay because of the sud-
den transition. When the sources oscillate, there is gener-
ally a possibility of resonance. In fact, the dominant contri-
bution to the induced GWs on small scales comes from the
resonant production. (The resonance condition is also ex-
plained in Appendix D.) Note that the resonance can only
happen in the RD era simply because the density pertur-
bations, as well as the gravitational potential, do not oscil-
late during the eMD era. This clearly highlights the fact that
the GW production by the Poltergeist mechanism occurs af-
ter the PBH evaporation in contrast, e.g., to the GWs emis-
sion by Hawking radiation. There are nonzero contributions
from the eMD era [67, 86, 101], but they are subdominant in
the sudden transition case [87].
From these observations, we neglect the contribution
during η < ηeva in the following and approximate the func-
tion I (u,v,k,η,ηeva), defined in Eq. (45), as [87]
I (u,v,k,η,ηeva)'
∫ x
xeva
dx¯
(
2(x¯/xeva)−1
2(x/xeva)−1
)
×kGRDk (η, η¯) f (u,v, x¯,xeva), (48)
where the Green function during the RD era is given as
kGRDk (η, η¯)= sin(x− x¯). (49)
The enhancement of the induced GWs for the exactly
sudden reheating is discussed in Ref. [87]. The main dif-
ference between the exactly sudden reheating scenario and
the almost sudden reheating scenario, caused by PBH evap-
oration, lies in the normalization factor S. In the case of
the exactly sudden reheating, there is no suppression dur-
ing the reheating, and therefore the wavenumber depen-
dence of the normalization factor only comes from Φplateau
as S = Φplateau. On the other hand, in the case of the re-
heating caused by the PBH evaporation, the wavenumber
dependence also comes from the suppression during the
reheating transition, as shown in Sec. III (see Fig. 3). It is
not important whether the wavenumber dependence of the
gravitational potential originates from the primordial cur-
vature perturbations or from the dynamics related to the
evaporation because the Poltergeist mechanism takes place
after the PBH evaporation. Therefore, we can easily take
into account the wavenumber dependence of S by modify-
ing the power spectrum in Eq. (44) as Pζ(k) → S2(k)Pζ(k)
and the transfer function in Eq. (47) asΦ→Φnorm, where
Φnorm(x,xeva)= A(xeva)J (x,xeva)+B(xeva)Y (x,xeva). (50)
Although this expression describes the transfer function
only for η > ηeva, it is sufficient to calculate the main con-
tribution to the induced GWs, which comes from the fast
oscillations of Φ after the reheating. Note that when we
perform the numerical calculation, we use Slow(k) on the
scale satisfying Slow(k)< 1 instead of the exact value of S(k)
for simplicity. This is a good approximation because the
main source of the GW enhancement is the scalar modes
with the shortest wavelengths in the problem (kcut& 2/ηeq,1
where the cutoff scale kcut is introduced in the next subsec-
tion) [87], and Slow(k) for such wavelengths is close to the
exact value as shown in Fig. 3.
The production of the GWs due to the fast oscillations
of Φ becomes inefficient after a while because the oscilla-
tion amplitude decays proportionally to a−2. We define the
conformal time when the induced GWs become constant
as ηc, where ηc is O (ηeva), much earlier than the late-time
equality time. Once the induced GWs are produced, their
energy density behaves as the radiation energy density as
ρGW ∝ a−4. Therefore, if we take into account the suppres-
sion of the energy density parameter of the induced GWs
due to the late-time evolution (z . 3400), the energy den-
sity parameter at the present time is given as [131]
ΩGW(η0,k)h
2 = 0.39
( g∗,c
106.75
)−1/3
Ωr,0h
2ΩGW(ηc,k), (51)
where the subscript “c” means the value at ηc and Ωr,0h2 '
4.2×10−5 is the current energy density parameter of radia-
tion.8
B. Amount of the induced GWs
In this subsection, we show how large the enhancement
of the induced GWs is. We assume the following primordial
8 Throughout this paper, we neglect the masses of neutrinos for simplicity.
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power spectrum for the curvature perturbations:
Pζ(k)= AsΘ(kcut−k)
(
k
k∗
)ns−1
, (52)
where As is the normalization, ns is the tilt, k∗ is the pivot
scale, and kcut is the cutoff scale. To derive a conservative re-
sult, we take the non-linear scale kNL, on which the matter
perturbations δm becomes unity at the reheating, as kcut.9
We explain how to derive the non-linear wavenumber in Ap-
pendix C. We leave the study about the GWs induced by the
non-linear perturbations with k > kNL for future works.10
Since the normalization factor S has the wavenumber de-
pendence as ∼ k−7/3 for k & 2/ηeq,1 up to the logarithmic
factor and the dominant contribution comes from the small
scale 2/ηeq,1 . k . kNL, the effective tilt of the power spec-
trum S2Pζ can be approximated as ∼ kns−1−14/3. Using this
value of the effective tilt and the formulas given in the ap-
pendix of Ref. [87], we can analytically estimate the value of
ΩGW around the resonance peak as
Ω(res)GW (ηc,k)'1.6×10−6
(
kηeva
)7 A2s ( kk∗
)2(ns−1)
S4low(k)
× s0(k/kNL)
8
[
15−10s20(k/kNL)+3s40(k/kNL)
]
,
(53)
where
s0(k/kNL)=

1
(
k/kNL ≤ 21+p3
)
2 kNLk −
p
3
(
2
1+p3 ≤ k/kNL ≤
2p
3
)
0
(
2p
3
≤ k/kNL
) . (54)
See Appendix D for the derivation of Eq. (53). Note that the
second line in Eq. (53) is just a factor that takes into account
the non-linear cutoff scale, and it reduces to 1 and 0 for
k ≤ 2kNL/(1+
p
3) and k ≥ 2kNL/
p
3, respectively, smoothly
interpolated in between.
In Fig. 4, we show the numerical results of the energy
density parameter of the induced GWs normalized by A2s .
The spectrum has a unique shape. For the case of the blue
(top) line (ηeq,2/ηeq,1 = 1000), the spectral shape is simi-
lar to the sudden transition limit in Ref. [87]. For example,
the spectral index has values 0, 3, 1, and 7, approximately
in kηeq,2 . 0.01, 0.01 . kηeq,2 . 1, 1 . kηeq,2 . 100, and
100. kηeq,2. 500, respectively (see Fig. 4). The normaliza-
tion in each range is, however, smaller than the sudden limit
in Ref. [87] since the evaporation takes finite time. Note that
the peak scale is roughly the same as kNL for large ηeq,2/ηeq,1
(= 1000, 225, and 100 in Fig. 4). On the other hand, for
9 A more fundamental cutoff scale would be the horizon scale correspond-
ing to the time slightly after the PBH formation because one cannot ne-
glect the discreteness of PBHs at that scale. If the eMD era is too short,
δm = 1 is never achieved within this fundamental cutoff scale.
10 There are some works discussing the GWs induced by the non-linear
scalar perturbations with some uncertainties [132, 133].
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FIG. 4. The solid lines show the energy density parameters
of the induced GWs normalized by A2s . We take ηeq,2/ηeq,1 =
1000 (top),225,100, and 75 (bottom) and assume ns = 1 for all
plots. We also plot the approximate expressions for the resonance
peak, given in Eq. (53), with dotted lines.
small ηeq,2/ηeq,1 (= 75 in the figure) in which the pertur-
bation with kNL enters the horizon well before the PBH-
dominated era, the peak scale is determined by the balance
between the enhancement of the resonance and the sup-
pression of Φ at the horizon entry during the eRD era be-
cause a smaller scale gravitational potential oscillates faster
after the reheating but gets more suppressed at the horizon
entry.
From Fig. 4, we can also see that the shorter PBH-
dominated era (smaller ηeq,2/ηeq,1) leads to the spectrum
with a lower peak and a smaller-scale cutoff (large kNL). The
peak height is lowered because the shorter PBH-dominated
era makes the given mode entering the horizon deeper in
the eRD era (larger kηeq,1 for given kηeq,2), which makes the
normalization factor smaller (see Figs. 3 and 11). The kNL
becomes larger because the shorter PBH-dominated era de-
lays the approach of the non-linearity. In summary, the de-
formation of the shape in the large k side in Fig. 4 for smaller
values of ηeq,2/ηeq,1 is due to the fact that the scalar source
modes entered the horizon in the eRD era. We also plot
Eq. (53) with dotted lines in Fig. 4. We can see that the an-
alytical formula fits the numerical results well around the
peak.
V. EFFECTS OF FINITE-WIDTH MASS FUNCTION
So far, we have studied the GWs induced after the evap-
oration of monochromatic PBHs. It is, however, crucial to
consider the effects of finite width of the PBH mass func-
tion since a broad mass spectrum of PBHs will not lead to
a sufficiently sudden transition from the eMD era to the RD
era.11
11 Since the life time of a PBH depends on its spin, the finite width of the
spin distribution of PBHs might affect the suddenness of the reheating,
11
Let us parametrize the initial mass function as follows:
ρPBH,i =
∫
ρPBH,i(MPBH,i)dlnMPBH,i
'
∫
ρPBH,i(MPBH,i(ηeva))dlnηeva. (55)
In the last equality, we changed the variable for convenience
for numerical calculations by using Eq. (5) and the relation
teva ∝ η3eva valid in a MD era and by neglecting ηi(¿ ηeva).
The energy density of the PBHs can be calculated by
integrating the corresponding formula in the case of the
monochromatic mass over the initial mass function, i.e.,
ρPBH(η)'
∫
ρPBH,i(MPBH,i(ηeva))
(
1−
(
η
ηeva
)3) 13 (a(ηi)
a(η)
)3
×Θ(ηeva−η)dlnηeva. (56)
Here, we used t ∝ η3 and neglected ηi against ηeva, so the
expression is valid after the PBHs dominate the Universe.
It would be time-consuming to calculate this integral
at each time with simultaneously solving the differential
equation to determine a(η). Therefore, we numerically
record and interpolate the comoving PBH energy density
ρPBH(η)(a(η)/a(ηi))3 as a function of conformal time for a
given parameter set. Then, using it, we solve equations of
motion for other quantities such as ρr and perturbations.
Note that the lifetime of a BH is teva ∼ M3PBH,i ∼ η3eva, so
MPBH,i ∝ ηeva. This means, in particular, if we assume the
log-normal distribution for the PBH masses [136], the dis-
tribution of ηeva can also be written as the log-normal dis-
tribution with the same variance,
ρPBH,i(MPBH,i(ηeva))=
ρPBH,ip
2piσ
exp
(
−
(
ln(ηeva/ηeva,0)
)2
2σ2
)
,
(57)
where ηeva,0 is the central value of the evaporation time, and
σ is its standard deviation. Note that the limit of the small
variance (σ→ 0) corresponds to the monochromatic PBH
mass function, which is discussed in the previous section.
Based on this log-normal distribution, we study the effect of
a finite σ numerically in the following.
Similarly to Sec. III, we can study the normalization factor
S, which is nothing but the value of the transfer function of
the gravitational potential Φ just after the evaporation. Its
dependence on σ is shown as dots in Fig. 5. These can be
well fitted by
S(k,σ)=S(k)exp
(
−(cσkηeq,2)2) , (58)
where c2 ' 0.18, as shown by the solid lines in Fig. 5. We
have also studied the k dependence of the normalization
though the spin parameter is about a few percent for PBHs produced
during a RD era [134, 135]. We leave the discussion on the effect of the
spin distribution for future work.
factor with a fixed finite σ and find the consistency with the
above equation. (Note that the exponential dependence on
σ may not be surprising since we introduced σ as the stan-
dard deviation of lnMPBH,i rather than that of MPBH,i.)
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FIG. 5. Dependence of the normalization factor S(k = 2/ηeq,1) on
the width of PBH mass function, which is parametrized by Eq. (57)
with σ. The blue (top), orange (middle), and green (bottom) dots
correspond to the case of ηeq,2/ηeq,1 = 75, 150, and 225, respec-
tively. The lines are obtained by multiplying the values at σ→ 0
with a factor exp(−(cσkηeq,2)2).
This suppression in Eq. (58) can be understood as fol-
lows. As discussed in Ref. [86], the GWs decouple from the
source around when the time derivative and the wavenum-
ber of the GW mode become comparable. This further im-
plies that the induced GWs are suppressed if and only if
the reheating transition time scale is longer than the time
scale of the GW mode.12 The former is σηeq,2 (for a small
σ(¿ 1)) and the latter is k−1 for the mode with its wavenum-
ber k, so the criterion of non-suppression is kσηeq,2 ¿ 1.
This is nothing but what Eq. (58) tells us. For a given σ,
there should be an effective maximal k that is not signifi-
cantly suppressed by the effect of the finite width σ: kσ ≡
(cσηeq,2)−1. The maximal k that allows enhancement and
the linear analysis is kmax ∼min[kNL,kσ] . Note that this im-
plies that there will be no enhancement at all if σ = O (1) as
kmax ∼ η−1eq,2.
The solid lines in Fig. 6 show the energy density param-
eters of induced GWs with different values of σ, which are
numerically calculated with the approximation of S(k,σ) '
Slow(k)exp
(−(cσkηeq,2)2). The dotted lines in Fig. 6 show
the analytic approximation formula for the energy density
parameter, which is given as
Ω(res)GW (ηc,k,σ)=Ω(res)GW (ηc,k,0)G(z), (59)
where Ω(res)GW (ηc,k,0) is given by Eq. (53) and G(z) is given
12 TT thanks Misao Sasaki for illuminating discussion on this point.
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with the parameter z = (cσkηeq,2)2 as
G(z)= 15e
−4z
64z5/2
(
2
p
z (2z−3)+ (4z2−4z+3)ezppiErf(pz)) ,
(60)
where Erf denotes the error function. We explain the deriva-
tion of this approximation formula in Appendix D. From
Fig. 6, we can see that the approximation formula fits the
numerical results well. Also, we see how small σ signifi-
cantly reduces the strength of the induced GWs.
We do not show the results with σ> 0.01, such as σ= 0.1,
in Fig. 6. For example, in the case ofσ= 0.1, we find that the
maximal wavenumber for the enhancement (kσ) becomes
kσ ∼ 20/ηeq,2. In this case, we cannot neglect the contribu-
tion during η < ηeva in the function I , defined in Eq. (45),
because the kσ is not far from 1/ηeva. Therefore, a more de-
tailed analysis is needed to obtain the plots for σ = O (0.1),
which is left for future work. Having said that, we have nu-
merically confirmed that the energy density parameter for
the induced GWs with σ = 0.1 is enhanced by one order of
magnitude around the peak scale even if we neglect the con-
tribution during η< ηeva in the function I .
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FIG. 6. Dependence of the induced GWs on the width of PBH
mass function, which is parametrized by Eq. (57) with σ. We take
ηeq,2/ηeq,1 = 225 for all lines and take σ → 0 (top), σ = 0.005
(middle), and 0.01 (bottom). We assume the same power spec-
trum of curvature perturbations as in Fig. 4, which is given by
Eq. (52) with ns = 1 (the plot for σ→ 0 is the same as the plot for
ηeq,2/ηeq,1 = 225 in Fig. 4). We also show the analytic approxima-
tion formulas for the resonance peak, given in Eq. (59), with dotted
lines.
VI. CONSTRAINTS ON PBH ABUNDANCE
In previous sections, we have shown that the enhance-
ment of the induced GWs can be caused by PBH evapora-
tion. Here, we discuss the constraints on the initial PBH
abundance β through measurements of the enhanced in-
duced GWs.
In Fig. 7, we show the energy density parameters of the
GWs induced by the scalar perturbations with As = 2.1×
10−9, k∗ = 0.05 Mpc−1, and ns = 0.96 [110]. Since the evap-
oration time ηeva is determined by the initial mass of PBHs,
as in Eqs. (7) and (8), the peak scale of the induced GWs also
depends on the PBH mass. From this figure, we can see that,
even if the power spectrum of the curvature perturbations is
almost scale invariant up to kNL,13 the induced GWs could
be observed by future detectors, such as DECIGO, BBO, and
LISA, depending on the mass function of PBHs.
As shown in Figs. 4, 6, and 7, the spectrum ΩGW of the
GWs induced after evaporation has a unique shape. On the
largest scales, the slope is twice as that of the primordial
curvature perturbations, k2(ns−1). This contribution is pro-
duced much after the evaporation. When k becomes large,
ΩGW increases as k3 up to keva(' keq,2), and then becomes
approximately k1. Note that keva has a simple dependence
on the PBH mass, keva ∝ TR ∝ M−3/2PBH,i (see Eqs. (7) and
(8)). The resonance peak starts with the steep slope k7. The
larger k side of the spectrum depends significantly on the
period of the PBH-dominated era, which is controlled by β,
and the width of the mass function. Note, however, that the
spectral shape of the large k side is not robust when we con-
sider k ' kNL. Since kNL is the cutoff to avoid the nonlinear-
ity of the density perturbations, the value ofΩGW should be
regarded as a lower bound on the strength of the GWs rather
than the precise prediction.
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<latexit sha1_base64="tKdiLxPiAXzIgwHjG4QM+yUlwVY=">AAAQpXicpVfNjttUFD4tPy3DT1PYILHAYjpQpDI4pUBVAapmkGhVpk2TzEylTBrZjpNa4ziW7YSZulmy4QVYsAKJBeoWxAOw4QVY9BEQyyKxYcF 3z3Vs5883E2LFvv7u+c4599xzz702fdcJI11/cur0M88+9/yZsy+svfjSy6+cK51/dS/sDwLL3rX6bj+4Zxqh7TqevRs5kWvf8wPb6JmuvW8ebov+/aEdhE7fq0fHvt3sGV3P6TiWEQFqld7caR1E9lEUV7ZuXHJG2qdaWb9/9eCSBLujVmld39T5p802ykljnZJfpX/+zK90QG3qk0UD6pFNHkVou2RQiKtBZdLJB9akGFiAlsP9No1oDdwBpGxIGEAPce/irZGgHt6FzpDZFqy4+AdgarSh/6H/pD/Vf9cf63/q/y7UFbMO4csxnqbk2n7r 3Dev1/5Rsnp4RvQgYxX6HFGHrrKvDnz3GRGjsCR/+PDbp7Vr1Y34bf0H/S/4/73+RP8NI/CGf1s/3rWr30H7Gm1Adhs2DTCFZg1j9nC/Qu/TZfqowGcT/o5Yh9AyvjS6jd6vOH49HpGHGQuFR+kldHpzpGLgZegUTxG9Ph2hLZADeBgmHgjb72GeN+Hfh3jrcX8m7+J9xD4ttlIF3oaUyBgRQYFlMx7jL/s1tNfZg1GSQYs0DoEPcxo1YCLvOpiVT3J6BB5gxroYUUSf4b1YrwlpY0avnC2X5yvT/Eip7RB4NKHt0Yxved3F2nxIezlt2YgvL hzxuwqdEpmns7FQZ1Ohsw08SPLKT+uCwZlSzGun2ShXZoBWzGgxs45rHrOuZO7AQ5e5O9RiRDA1qqR5vZjbQzwEs8fMD3gFqzgGMiycG2+Z0yJWi+KeSaj88iHvpL7dVMjfoIdJ9LRcBCSqip7DGRnneGNMxTRQPaaZEitm3kL7AUdN5tgtYG9xTR+luGol3aYvkxGLGn6Ee5xgKmZ1hlddgvUF7c/wJKZm2rQ3hytRFTvit6MZ/hhV8a1cJonsE2t5jKwlK72TrqJV1lDI2S3ufmJF7Kkh9sCA9xq5mjNJgdxPbcRU4+wewa6/tK32yrY+X 8GW9z9tqddSne5A+s4S+2tMFyDT4LoizmkDrkYDeBDNQS6wnIkZ1rgeaUCW4WnwoQlZ9S5u80lxtm7bCbP4VLHFdu2JajrO8fzozVROxruDS5wAHeDHydhUnq5iaznNveSEJ87WhlL/tPRJrIj4miuMI9N/kjPefL1ZJq46Eye1s4xOE+3JmJh47/JOFvPJRaxRjyumXAlyPbenelVWrAIrFn9V2Xw6mLWS71XVbOFRZWpdSTRmvJjvsY0YzxZXElGD8ntHbYl1XUv3jMl1LfFi7vYC7nbKLT4d3OQvskWV0EKeGUlNbqTVTbCu4Snj3lxihO LEWWTH50rvJ9/CeVuCOc8WLnyhl6e/x2cbe5c3y/pm+e6V9etbybf6WXoDZ6CL0PcxXcfJrUK78OZrekw/0y+ld0o7pXppT4qePpVwXqOJX6n1H+jYT0I=</latexit><latexit sha1_base64="tKdiLxPiAXzIgwHjG4QM+yUlwVY=">AAAQpXicpVfNjttUFD4tPy3DT1PYILHAYjpQpDI4pUBVAapmkGhVpk2TzEylTBrZjpNa4ziW7YSZulmy4QVYsAKJBeoWxAOw4QVY9BEQyyKxYcF 3z3Vs5883E2LFvv7u+c4599xzz702fdcJI11/cur0M88+9/yZsy+svfjSy6+cK51/dS/sDwLL3rX6bj+4Zxqh7TqevRs5kWvf8wPb6JmuvW8ebov+/aEdhE7fq0fHvt3sGV3P6TiWEQFqld7caR1E9lEUV7ZuXHJG2qdaWb9/9eCSBLujVmld39T5p802ykljnZJfpX/+zK90QG3qk0UD6pFNHkVou2RQiKtBZdLJB9akGFiAlsP9No1oDdwBpGxIGEAPce/irZGgHt6FzpDZFqy4+AdgarSh/6H/pD/Vf9cf63/q/y7UFbMO4csxnqbk2n7r 3Dev1/5Rsnp4RvQgYxX6HFGHrrKvDnz3GRGjsCR/+PDbp7Vr1Y34bf0H/S/4/73+RP8NI/CGf1s/3rWr30H7Gm1Adhs2DTCFZg1j9nC/Qu/TZfqowGcT/o5Yh9AyvjS6jd6vOH49HpGHGQuFR+kldHpzpGLgZegUTxG9Ph2hLZADeBgmHgjb72GeN+Hfh3jrcX8m7+J9xD4ttlIF3oaUyBgRQYFlMx7jL/s1tNfZg1GSQYs0DoEPcxo1YCLvOpiVT3J6BB5gxroYUUSf4b1YrwlpY0avnC2X5yvT/Eip7RB4NKHt0Yxved3F2nxIezlt2YgvL hzxuwqdEpmns7FQZ1Ohsw08SPLKT+uCwZlSzGun2ShXZoBWzGgxs45rHrOuZO7AQ5e5O9RiRDA1qqR5vZjbQzwEs8fMD3gFqzgGMiycG2+Z0yJWi+KeSaj88iHvpL7dVMjfoIdJ9LRcBCSqip7DGRnneGNMxTRQPaaZEitm3kL7AUdN5tgtYG9xTR+luGol3aYvkxGLGn6Ee5xgKmZ1hlddgvUF7c/wJKZm2rQ3hytRFTvit6MZ/hhV8a1cJonsE2t5jKwlK72TrqJV1lDI2S3ufmJF7Kkh9sCA9xq5mjNJgdxPbcRU4+wewa6/tK32yrY+X 8GW9z9tqddSne5A+s4S+2tMFyDT4LoizmkDrkYDeBDNQS6wnIkZ1rgeaUCW4WnwoQlZ9S5u80lxtm7bCbP4VLHFdu2JajrO8fzozVROxruDS5wAHeDHydhUnq5iaznNveSEJ87WhlL/tPRJrIj4miuMI9N/kjPefL1ZJq46Eye1s4xOE+3JmJh47/JOFvPJRaxRjyumXAlyPbenelVWrAIrFn9V2Xw6mLWS71XVbOFRZWpdSTRmvJjvsY0YzxZXElGD8ntHbYl1XUv3jMl1LfFi7vYC7nbKLT4d3OQvskWV0EKeGUlNbqTVTbCu4Snj3lxihO LEWWTH50rvJ9/CeVuCOc8WLnyhl6e/x2cbe5c3y/pm+e6V9etbybf6WXoDZ6CL0PcxXcfJrUK78OZrekw/0y+ld0o7pXppT4qePpVwXqOJX6n1H+jYT0I=</latexit><latexit sha1_base64="tKdiLxPiAXzIgwHjG4QM+yUlwVY=">AAAQpXicpVfNjttUFD4tPy3DT1PYILHAYjpQpDI4pUBVAapmkGhVpk2TzEylTBrZjpNa4ziW7YSZulmy4QVYsAKJBeoWxAOw4QVY9BEQyyKxYcF 3z3Vs5883E2LFvv7u+c4599xzz702fdcJI11/cur0M88+9/yZsy+svfjSy6+cK51/dS/sDwLL3rX6bj+4Zxqh7TqevRs5kWvf8wPb6JmuvW8ebov+/aEdhE7fq0fHvt3sGV3P6TiWEQFqld7caR1E9lEUV7ZuXHJG2qdaWb9/9eCSBLujVmld39T5p802ykljnZJfpX/+zK90QG3qk0UD6pFNHkVou2RQiKtBZdLJB9akGFiAlsP9No1oDdwBpGxIGEAPce/irZGgHt6FzpDZFqy4+AdgarSh/6H/pD/Vf9cf63/q/y7UFbMO4csxnqbk2n7r 3Dev1/5Rsnp4RvQgYxX6HFGHrrKvDnz3GRGjsCR/+PDbp7Vr1Y34bf0H/S/4/73+RP8NI/CGf1s/3rWr30H7Gm1Adhs2DTCFZg1j9nC/Qu/TZfqowGcT/o5Yh9AyvjS6jd6vOH49HpGHGQuFR+kldHpzpGLgZegUTxG9Ph2hLZADeBgmHgjb72GeN+Hfh3jrcX8m7+J9xD4ttlIF3oaUyBgRQYFlMx7jL/s1tNfZg1GSQYs0DoEPcxo1YCLvOpiVT3J6BB5gxroYUUSf4b1YrwlpY0avnC2X5yvT/Eip7RB4NKHt0Yxved3F2nxIezlt2YgvL hzxuwqdEpmns7FQZ1Ohsw08SPLKT+uCwZlSzGun2ShXZoBWzGgxs45rHrOuZO7AQ5e5O9RiRDA1qqR5vZjbQzwEs8fMD3gFqzgGMiycG2+Z0yJWi+KeSaj88iHvpL7dVMjfoIdJ9LRcBCSqip7DGRnneGNMxTRQPaaZEitm3kL7AUdN5tgtYG9xTR+luGol3aYvkxGLGn6Ee5xgKmZ1hlddgvUF7c/wJKZm2rQ3hytRFTvit6MZ/hhV8a1cJonsE2t5jKwlK72TrqJV1lDI2S3ufmJF7Kkh9sCA9xq5mjNJgdxPbcRU4+wewa6/tK32yrY+X 8GW9z9tqddSne5A+s4S+2tMFyDT4LoizmkDrkYDeBDNQS6wnIkZ1rgeaUCW4WnwoQlZ9S5u80lxtm7bCbP4VLHFdu2JajrO8fzozVROxruDS5wAHeDHydhUnq5iaznNveSEJ87WhlL/tPRJrIj4miuMI9N/kjPefL1ZJq46Eye1s4xOE+3JmJh47/JOFvPJRaxRjyumXAlyPbenelVWrAIrFn9V2Xw6mLWS71XVbOFRZWpdSTRmvJjvsY0YzxZXElGD8ntHbYl1XUv3jMl1LfFi7vYC7nbKLT4d3OQvskWV0EKeGUlNbqTVTbCu4Snj3lxihO LEWWTH50rvJ9/CeVuCOc8WLnyhl6e/x2cbe5c3y/pm+e6V9etbybf6WXoDZ6CL0PcxXcfJrUK78OZrekw/0y+ld0o7pXppT4qePpVwXqOJX6n1H+jYT0I=</latexit><latexit sha1_base64="tKdiLxPiAXzIgwHjG4QM+yUlwVY=">AAAQpXicpVfNjttUFD4tPy3DT1PYILHAYjpQpDI4pUBVAapmkGhVpk2TzEylTBrZjpNa4ziW7YSZulmy4QVYsAKJBeoWxAOw4QVY9BEQyyKxYcF 3z3Vs5883E2LFvv7u+c4599xzz702fdcJI11/cur0M88+9/yZsy+svfjSy6+cK51/dS/sDwLL3rX6bj+4Zxqh7TqevRs5kWvf8wPb6JmuvW8ebov+/aEdhE7fq0fHvt3sGV3P6TiWEQFqld7caR1E9lEUV7ZuXHJG2qdaWb9/9eCSBLujVmld39T5p802ykljnZJfpX/+zK90QG3qk0UD6pFNHkVou2RQiKtBZdLJB9akGFiAlsP9No1oDdwBpGxIGEAPce/irZGgHt6FzpDZFqy4+AdgarSh/6H/pD/Vf9cf63/q/y7UFbMO4csxnqbk2n7r 3Dev1/5Rsnp4RvQgYxX6HFGHrrKvDnz3GRGjsCR/+PDbp7Vr1Y34bf0H/S/4/73+RP8NI/CGf1s/3rWr30H7Gm1Adhs2DTCFZg1j9nC/Qu/TZfqowGcT/o5Yh9AyvjS6jd6vOH49HpGHGQuFR+kldHpzpGLgZegUTxG9Ph2hLZADeBgmHgjb72GeN+Hfh3jrcX8m7+J9xD4ttlIF3oaUyBgRQYFlMx7jL/s1tNfZg1GSQYs0DoEPcxo1YCLvOpiVT3J6BB5gxroYUUSf4b1YrwlpY0avnC2X5yvT/Eip7RB4NKHt0Yxved3F2nxIezlt2YgvL hzxuwqdEpmns7FQZ1Ohsw08SPLKT+uCwZlSzGun2ShXZoBWzGgxs45rHrOuZO7AQ5e5O9RiRDA1qqR5vZjbQzwEs8fMD3gFqzgGMiycG2+Z0yJWi+KeSaj88iHvpL7dVMjfoIdJ9LRcBCSqip7DGRnneGNMxTRQPaaZEitm3kL7AUdN5tgtYG9xTR+luGol3aYvkxGLGn6Ee5xgKmZ1hlddgvUF7c/wJKZm2rQ3hytRFTvit6MZ/hhV8a1cJonsE2t5jKwlK72TrqJV1lDI2S3ufmJF7Kkh9sCA9xq5mjNJgdxPbcRU4+wewa6/tK32yrY+X 8GW9z9tqddSne5A+s4S+2tMFyDT4LoizmkDrkYDeBDNQS6wnIkZ1rgeaUCW4WnwoQlZ9S5u80lxtm7bCbP4VLHFdu2JajrO8fzozVROxruDS5wAHeDHydhUnq5iaznNveSEJ87WhlL/tPRJrIj4miuMI9N/kjPefL1ZJq46Eye1s4xOE+3JmJh47/JOFvPJRaxRjyumXAlyPbenelVWrAIrFn9V2Xw6mLWS71XVbOFRZWpdSTRmvJjvsY0YzxZXElGD8ntHbYl1XUv3jMl1LfFi7vYC7nbKLT4d3OQvskWV0EKeGUlNbqTVTbCu4Snj3lxihO LEWWTH50rvJ9/CeVuCOc8WLnyhl6e/x2cbe5c3y/pm+e6V9etbybf6WXoDZ6CL0PcxXcfJrUK78OZrekw/0y+ld0o7pXppT4qePpVwXqOJX6n1H+jYT0I=</latexit>
FIG. 7. The black lines show GW spectra with ηeq,2/ηeq,1 = 225
and MPBH,i = 108 g (solid), 106 g (dotted), 104 g (dashed), and 102 g
(dot-dashed). The thick black lines show results for the monochro-
matic mass function (σ→ 0) and the thin black lines show the re-
sults for σ= 0.01. The other lines show the future or current sensi-
tivity curves (see Refs. [79, 87] for details).
Following the same procedure as in Ref. [79], we calculate
the signal-to-noise ratio for each project and derive the re-
gion of β that can be constrained by the future GW projects.
13 To produce a large enough number of tiny PBHs to realize the PBH-
dominated era, large-amplitude scalar perturbations are required on the
scale much smaller than the peak scale of the induced GWs. In this sense,
our assumption of the almost scale-invariant spectrum for k ≤ kNL is
conservative.
13
Here, we assume the power spectrum of curvature perturba-
tions that is taken in Fig. 7 (As = 2.1×10−9, k∗ = 0.05 Mpc−1,
and ns = 0.96). The signal-to-noise ratio is given by [137]
SNR =
√
2Tobs
[∫ fmax
fmin
d f
(
ΩGW( f )
ΩGW,eff( f )
)2]1/2
, (61)
where Tobs is the observation time, and ( fmin, fmax) is the
range of observable frequencies for each project. ΩGW,eff is
the effective sensitivity curve for each project. To show the
potential of each observation, we assume the perfect sub-
traction of foreground here (see e.g. Ref. [138] for subtrac-
tion techniques).14 In Fig. 7, we plot ΩGW,effh
2/
√
Tobs f /10
as benchmark sensitivities of the future projects for stochas-
tic GWs, where we take Tobs = 18 years for EPTA, Tobs =
20 years for SKA, and Tobs = 1 year for the others as fiducial
values (see Ref. [79] for details).15 To save the computational
time, we use the analytical formulas given in Eqs. (53) and
(59). Since the peak scale and height of the GW spectrum are
determined by the mass of PBHs and the length of the PBH-
dominated era, which is parametrized by ηeq,2/ηeq,1, we first
obtain the minimum value of ηeq,2/ηeq,1 which makes the
signal-to-noise ratio unity (SNR = 1) for each PBH mass and
each observation.16 After that, using Eq. (17), we derive the
curves for the PBH abundance (β) that can be probed by fu-
ture observations.
Figures 8 and 9 show the results of the signal-to-noise-
ratio analysis for Tobs = 1 year and 10 years, respectively.
From these figures, we can see that if the mass func-
tion is narrow as σ . 0.01, the future observations could
constrain the initial PBH fraction, β, even for the almost
scale-invariant spectrum of curvature perturbations. In
the narrow limit of the mass function (σ → 0), the future
projects could constrain the abundance of the PBHs with
β > O (10−5 − 10−8) in 2× 103 g . MPBH,i . 4× 105 g. For
example, the one-year observation of DECIGO can put the
upper bound on β as β . 10−7(MPBH,i/104g)−1 in 2× 103 g
. MPBH,i . 2× 105 g. The PBH mass dependence of the
upper bound on β can be understood as follows. The am-
plitude of the induced GWs is mainly determined by the
parameter ηeq,2/ηeq,1, which is only related to β/βmin (see
14 The extragalactic foreground from binary white dwarfs and main se-
quence stars might be difficult to be subtracted [139–141]. Since the
foreground could contaminate the sensitivity curves in f <O (0.1)Hz, the
constraints on the abundance of PBHs with MPBH,i & 104 g might be af-
fected by the foreground.
15 Note that, even if there is no intersection between the GW spectrum and
the sensitivity curves in Fig. 7, the signal-to-noise ratio could be larger
than unity because the ratio is defined as Eq. (61). This is why we regard
the curves as benchmark ones.
16 Strictly speaking, the increase of ηeq,2/ηeq,1 does not necessarily mean
the increase of SNR at least in our analysis. This is because the smaller
ηeq,2/ηeq,1 leads to the smaller cutoff scales (see Fig. 4). However, in
this paper, we assume for simplicity that the induced GWs from the non-
linear perturbations (k > kNL) should be larger than the induced GWs
from the linear perturbations in the case of the shorter PBH-dominated
era, which leads to the smaller cutoff scales. This is why we consider the
minimum value of ηeq,2/ηeq,1 to realize SNR = 1.
Eq. (17)) and the parameter βmin is proportional to M−1PBH,i
(see Eq. (14)). Then, the upper bound has the mass depen-
dence β∝M−1PBH,i.
Note that if we consider the blue-tilted power spectrum of
the curvature perturbations, the future observations could
detect the induced GWs that are related to the PBH evapo-
ration with a wider mass function. This is because the en-
hancement should exist as long as σ< 1 holds and because
the amount of the induced GWs also depends on the ampli-
tudes of the curvature perturbations on small scales.
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FIG. 8. The parameter regions that can be investigated by one-
year observation of DECIGO with different values of the width σ.
In the regions above the lines, the GWs can be measured. We as-
sume the almost scale-invariant power spectrum of curvature per-
turbations (see the text). The outermost line shows the result for
σ→ 0 and the difference of σ between two adjacent lines is 0.001.
We omit lines for BBO to make this figure simple, but the results are
almost the same. We take the signal-to-noise ratio as unity for all
lines (SNR = 1). Note that LISA cannot investigate the abundance
of the tiny PBHs with its one-year observation in this setup.
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FIG. 9. The parameter regions that can be investigated by 10-year
observation of DECIGO and LISA. The solid lines show the regions
for DECIGO and the dashed lines show the regions for LISA. Note
that the same color indicates the same value of σ regardless of the
types of the lines. Except for the observation time, we take the
same parameters as in Fig. 8.
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VII. DISCUSSIONS AND CONCLUSIONS
In this paper, we have shown that scalar perturbations
can produce a large amount of GWs soon after the evap-
oration of the tiny PBHs (MPBH < 109 g) if the PBH mass
function is sufficiently narrow. The enhancement of the in-
duced GWs occurs if the PBHs come to dominate the Uni-
verse by the time of its evaporation. The Universe is dom-
inated by PBHs in the early Universe if the initial fraction
of PBHs in the total energy density is large enough at their
production (see Eq. (14)), and the PBH-dominated era ends
with the Hawking evaporation of the PBHs. We have care-
fully taken into account the evolution of the gravitational
potential, source of the induced GWs, during the transition
from the PBH-dominated era to the RD era and calculated
the amplitude of the induced GWs. As a result, we have
found that the induced GWs can be observed by future de-
tectors, such as DECIGO, BBO, and LISA, depending on the
PBH mass function.
A physical picture of this phenomenon, the Poltergeist
mechanism, is given as follows. In the PBH-dominated era,
the fluctuation of the number density of PBHs grows since
the pressure in the Universe is negligible. These fluctuations
are converted to the sound waves on the thermal bath by the
reheating due to PBH evaporation. Then, the oscillations of
the sound waves and the associated oscillations of the grav-
itational potential produce the GWs by the resonance effect
as the dominant production channel. Here, it is crucial to
have an unsuppressed amplitude for the gravitational po-
tential (enhanced amplitudes for the sound waves) to pro-
duce the enhanced GWs, and this is realized by the sudden
reheating transition. The evaporation rate of the PBH in-
creases as time goes by because the Hawking temperature
of the PBH is proportional to the inverse of its mass, which
leads to a rapid instability and realizes the sudden reheat-
ing transition. The sudden transition prevents the other-
wise large suppression of the gravitational potential dur-
ing the transition and leads to the fast oscillations of the
gravitational potential with the amplitude not suppressed
much. The fast oscillations of the gravitational potential en-
hance the induced GWs. Note that the degree of suddenness
strongly depends on the width of PBH mass function, and
the narrow mass function is required for the induced GWs
to be detectable by the future observations.
Another interesting point of the GWs produced by the
Poltergeist mechanism is that the typical frequency is not
directly determined by the size of a single PBH, but it is
determined by the typical wavelength of the fluctuations
which enters the horizon by the end of the reheating imply-
ing a macroscopic scale of a fluid composed of many PBHs.
This scale is in turn controlled by the reheating tempera-
ture (TR ∝ M−3/2PBH,i) and the initial abundance of PBHs (β).
Thus, the frequency is small enough to be probed by the fu-
ture GW observations for the appropriate range of the PBH
mass, O (103–105) g.
We have also discussed the possibility that the future GW
observations can probe the abundance of the tiny PBHs. As
a concrete example, we have discussed the case where the
power spectrum of the curvature perturbations is almost
scale invariant even at small scales. Then, we have found
that the initial PBH fraction can be measured or constrained
if the PBH mass function is narrow (σ. 0.01). We have also
found that, in the narrow limit (σ→ 0), the initial fraction
with β > O (10−5 − 10−8) in 2× 103 g . MPBH,i . 4× 105 g
can be probed by the future observations. In particular,
the one-year observation of DECIGO can constrain β as
β . 10−7(MPBH,i/104 g)−1 in 2× 103 g . MPBH,i . 2× 105 g.
See Figs. 8 and 9 for the cases with the finite width of the
mass function. Note again that the detectability also de-
pends on the power spectrum of the curvature perturba-
tions on small scales. For example, we can probe the evap-
orating PBHs with wider mass functions (within the range
σ. 1) if the power spectrum of the curvature perturbations
is blue-tilted.
Here, let us discuss possibilities to realize a narrow width
of the mass function. A refined criterion for the PBH forma-
tion has recently been proposed in Refs. [142, 143]. It pre-
dicts a narrow mass function f (M) even if we take into ac-
count the coarse graining by a window function and the ef-
fects of critical collapse [143] provided that the power spec-
trumPζ(k) of curvature perturbations is narrow. A possibil-
ity to produce a narrowPζ(k) for MPBH,i ∼ 104 g is to utilize
a parametric resonance. See e.g. Refs. [55, 144–148] towards
such a direction.
We point out that there is a limitation on the narrowness
of the width of Pζ(k). To be concrete, we parametrize Pζ
around the peak scale related to PBH production as Pζ =
Aζ/(
p
2piσζ)exp(−(ln(k/kpeak))2/(2σ2ζ). In a RD era, Aζ ∼
O (10−2) is needed for the production of a sizable amount of
PBHs when σζ is O (1). More precisely, the amount of PBHs
depends on an integral ofPζ(k) over lnk with some window
function (see e.g. Ref. [131]). To make the width narrower
while keeping the fixed abundance of PBHs, the height of
the peak of Pζ (Aζ) must become larger. This implies that
its value exceeds unity if we considerσζ. 10−2, which leads
to a non-perturbative and highly quantum regime of infla-
ton/curvature perturbations. In this sense, there is a lower
bound on σζ for the standard analysis to be valid.
17 It is de-
sirable to find a relation between such a restriction on σζ
and that on σ, which is the width of the PBH mass function,
using the refined PBH formation criterion.
In addition to the initial mass function, we have to con-
sider its potential time evolution via mergers of PBHs. We
have studied these effects in Appendix B considering the
mergers of binary PBHs formed in the eRD era. With the ap-
proximation of constant PBH mass during the merger pro-
cess and with the assumption that the merger rate formula
in Refs. [9, 12] is valid for the PBH-dominating ( fPBH = 1)
case, which is questioned in Ref. [149], we have found that
17 This discussion does not directly apply to the case of PBH formation in
an eMD era or the era with a soft equation of state. In the absence of the
radiation pressure, the PBH formation threshold is lowered, so the above
fundamental limit on the width becomes weaker than in the case of PBH
formation in a RD era.
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the effects of mergers may not be negligible if β& 10−5 for
the PBH masses of our interests. We have not included such
effects in Figs. 8 and 9 since our analyses on the merger pro-
cesses are incomplete. That is, the constant-mass approx-
imation may not be justified in the PBH-dominating sce-
nario, and the merger rate formula may not be valid due to
disruption of the binary by surrounding PBHs. Neverthe-
less, the analyses imply that the constraints on the param-
eter space with large β may not be valid. The extension to
the time-dependent mass case and the N-body simulation
of the tiny PBHs should be done elsewhere.
Even if we take into account all these caveats on the width
of the PBH mass function and the (potential) effects of
mergers of PBHs, the amount of GWs we have discussed in
this paper can still be larger in the observationally relevant
frequency range than those from known GW production
mechanisms in the PBH-dominating scenario (cf. Fig. 10 in
Appendix A). The future GW observations can constrain a
part of the parameter space of tiny PBHs that evaporated
in the early Universe (2× 103 g . MPBH,i . 4× 105 g, β >
O (10−5−10−8)), which has never been probed by any other
robust means.
Finally, let us discuss several implications of this sce-
nario for cosmology and particle physics. Possibilities for
dark matter are restricted. At the final stage of the evap-
oration, any particle species in the theory are produced.
For PBH masses of O (103–105)g, which can be probed by
future observations, the abundance of any massive stable
particles below the Planck scale exceeds the dark matter
abundance [28]. Without an additional dilution factor, mas-
sive dark matter candidates are excluded. In this context,
an axion(-like particle) is a good candidate for dark matter.
They are produced as relativistic particles by the Hawking
radiation, which can be consistent with the effective neu-
trino species bound [28], while the dark matter abundance
can be explained by the misalignment mechanism. Note
also that the entropy production due to the evaporation
can dilute unwanted extended objects such as magnetic
monopoles predicted in the grand unified theories, which
are expected not to be produced substantially via the evap-
oration (see a related comment in footnote 1 and Ref. [24]).
Interestingly, the tiny PBHs around the above parameter
space, MPBH,i ∼ O (103–105)g and β > O (10−5–10−8), allow
the generation of baryon asymmetry via leptogenesis in sev-
eral ways: (i) thermal leptogenesis [150] with right-handed
Majorana neutrino somewhat heavier than the standard,
MR ∼ Ti(∼ O (1013 – 1014)GeV) (see e.g. Eq. (9)), supple-
mented by the dilution of the baryon asymmetry due to the
entropy production through the PBH evaporation, where
the dilution factor is less thanO (10−2) (see Eq. (A1)), (ii) TeV-
scale thermal resonant leptogenesis after the evaporation
with TR ∼ O (103 – 106)GeV (see Eq. (7)) [151, 152], and (iii)
non-thermal (resonant) leptogenesis via the PBH evapora-
tion with TPBH ∼ O (108 – 1010)GeV (see Eq. (3)) [23, 24]. In
addition, the evaporating PBHs could relax the Hubble ten-
sion [28–30] and also they are predicted in some inflationary
and particle physics models [50–56]. From this perspective,
our result could be a key to elucidate the mysteries of mod-
ern Cosmology in the near future.
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Appendix A: Various GW sources in the PBH-dominating
scenario
The main topic of this paper is the second-order (scalar-
induced) GWs produced just after the PBH evaporation. In
the present scenario, where PBHs dominate the Universe
and evaporate, there are other sources of GWs. In this ap-
pendix, we introduce three types of GWs other than the GWs
induced right after the PBH evaporation. The first one is the
second-order (scalar-induced) GWs associated to the PBH
formation scale, rather than the evaporation scale. The sec-
ond one is the gravitons emitted by the Hawking radiation
process. The third one is the GWs from many binary PBH
merger events, which is separately discussed in Appendix B
in detail. We summarize the spectrum of the three types of
GWs in Fig. 10. Other various sources of GWs are compre-
hensively discussed in Ref. [60]. Note that these various GW
components have different energy spectra, so the scenario
is in principle highly predictive although it will be hope-
less to observe these high-frequency GWs with technologies
available in the near future.
1. GWs associated to PBH formation
Let us discuss the induced GWs associated to the PBH for-
mation scale [68, 69] first. To produce a substantial amount
of PBHs, the curvature perturbations are assumed to be en-
hanced on the corresponding scale. On this scale, the GWs
are induced by the enhanced scalar perturbations. Taking
into account the presence of the PBH-dominated era, the
corresponding wavenumber is given by Eq. (19).
The energy density parameter of the induced GWs asso-
ciated with the PBH formation events decreases during the
PBH-dominated era, so the current magnitude of the GWs
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FIG. 10. Summary of the GWs produced in the PBH-dominating
scenario. MPBH,i = 104 g and β = 10−7 are taken for all plots. The
thick black line shows the spectrum of the GWs induced just after
the evaporation with σ→ 0, which we have focused on through-
out this paper. The thin black lines show the GWs from the other
sources, introduced in Appendix A. Note that we assume Pζ =
Aζ/(
p
2piσζ)exp(−(ln(k/ki ))2/(2σ2ζ) with Aζ = 0.01 and σζ = 0.01
for the spectrum of the GWs associated to PBH formation (black
dotted).
is given by Eq. (51) times the following dilution factor:
D ≡ 1
aeva/aeq,1+1
'
(
gs∗(TR)
gs∗(Teq,1)
) 1
3
(
β
βmin
)− 43
, (A1)
where we have assumed aeq,1 ¿ aeva in the second (almost)
equality. Except for this dilution factor, the formalism of the
calculation is essentially the same as that used in Sec. IV.
The resultant GW spectrum is shown as the black dotted line
in Fig. 10 assuming the primordial curvature perturbations
Pζ = Aζ/(
p
2piσζ)exp(−(ln(k/ki ))2/(2σ2ζ) with Aζ = 0.01 and
σζ = 0.01.
Let us discuss the spectral features of the GWs associ-
ated to PBH formation. Since we assume the widths of the
mass function and the curvature perturbations are small,
the spectral shape is similar to the case of the delta func-
tion source Pζ(k) ∼ δ(ln(k/ki)) [66]. However, the infrared
scaling ΩGW ∝ k3 is qualitatively different from that in the
delta function case ∝ k2 because of the small but finite
width [72, 153].
The dependence of the peak position and height of the
spectrum on the mass MPBH,i and the abundance β of PBHs
is as follows. The characteristic scale ki is proportional to
M−5/6PBH,iβ
−1/3 as shown in Eq. (19). This is different from the
standard relation ki ∝ M−1/2PBH,i in the absence of the PBH-
dominated era. If we fix Aζ, the height of the induced GWs
is insensitive to the mass and the abundance of PBHs ex-
cept for the dilution factor in Eq. (A1). Because of the dilu-
tion, the height of the peak scales as M−4/3PBH,iβ
−4/3. Note that,
strictly speaking, Aζ slightly depends on β, which leads to a
small modification of the β dependence of the peak height.
2. GWs from Hawking radiation
Gravitons emitted by Hawking radiation constitute
stochastic GW background. This contribution has been
studied in the literature [59–61]. The GW spectrum is ob-
tained by integrating the emitted graviton energy spec-
trum [59], which is the Planck distribution up to a gray-body
factor:
d2E
dtdk
= G gH∗,gM
2
PBH
32pi3M4Pl
k3
ek/TPBH −1 , (A2)
where gH∗,g ' 0.1 [28] is the effective number of degrees of
freedom for gravitons.
In this subsection, we assume a monochromatic mass for
PBHs since a small width such as σ = 0.01 would not lead
to a qualitatively different result for GWs from Hawking ra-
diation in contrast to the cases of the GWs associated to the
PBH formation and the GWs produced right after the PBH
evaporation.
Just after the evaporation,ΩGW(t ,k) is calculated as
ΩGW(teva,k)
= knPBH(ti )
a(teva)ρtot(teva)
(
a(ti)
a(teva)
)3 ∫ teva
ti
d2Ee
dtedke
(te,ke)dte, (A3)
where the subscript e denotes the emission time of the
gravitons, and ke = k/a(te) is the physical momentum at
emission. The strength of the current GWs is obtained by
using Eq. (51) with identifyingΩGW(teva) withΩGW(tc).
The above integral is approximately performed as fol-
lows. It is convenient to define a dimensionless inte-
gration variable κ = k/(a(t )TPBH(t )). This behaves as
κ ∼ t−1/2, t−2/3, and (1 − (t/teva))1/3 for t ¿ teq,1 (dur-
ing the eRD era), teq,1 ¿ t ¿ teva (during the eMD
era), and t . teva (close to the reheating), respectively.
Noticing that the integrand is dominated around κ '
1, we may approximate it using the above approxima-
tion for k/aeq,1 ¿ TPBH,i, k/aeva ¿ TPBH,i ¿ k/aeq,1, and
TPBH,i ¿ k/aeva, respectively. Up to the overall factor,
G gH∗,g (TPBH)TPBH,inPBH(teva)/(32pi3ρtot(teva)), which is in-
dependent of k, the relevant integral is
∫ κi
κeva
dκ
TPBH
|κ˙|
κevaκ
3
eκ−1 '
TPBH,i
Heva
×

(
teva
teq,1
)1/3
κ3eva
∣∣lnκeq,1∣∣ ∝ k3 for k/aeq,1 ¿ TPBH,i
1
2
p
piζ(3/2)κ5/2eva ∝ k5/2 for k/aeva ¿ TPBH,i ¿ k/aeq,1
48ζ(5)x−1eva ∝ k−1 for TPBH,i ¿ k/aeva
, (A4)
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where κeva ≡ k/(aevaTPBH,i) and κeq,1 ≡ k/(aeq,1TPBH,i), and
ζ(·) is the Riemann zeta function.
These scaling properties have been confirmed by numer-
ical integration (see the black dot-dashed line in Fig. 10).
Note that some parts of the scaling in the previous works
are different from the above results, and we believe they
are incorrect. Note also that, in Fig. 10, we take the high-
frequency cutoff as the Planck scale at the evaporation time
(teva) because there is no consensus on the Hawking radia-
tion spectrum at the scales higher than the Planck one.
The characteristic frequency is proportional to TBH ∝
M−1PBH,i, but the redshift factor depends on the reheating
temperature, a(TR) ∝ 1/TR ∝ M3/2PBH,i. Combining them,
the scaling of the characteristic frequency is proportional
to M1/2PBH,i. As long as the PBHs dominate the Universe, the
height and the horizontal position of the ΩGW curve hardly
depend on β.
3. GWs from mergers of binary PBHs
This is separately studied in detail in the next appendix,
but here we just summarize the spectral shape and the
dependence of the peak wavenumber and peak height of
ΩGW on MPBH,i and β for comparison. Similarly to the
other GWs contributions, the spectral index approaches 3
on the largest scales. The spectrum bends to the k2/3 scal-
ing [154, 155]. At which scale this happens is discussed in
the next appendix. The small-scale cutoff is given by the fre-
quency of the GWs emitted just before the evaporation.
The dependence of the characteristic scale is similar to
the Hawking radiation case. It is proportional to M−1PBH,i at
the source frame, but the redshift factor depends on T−1R ∝
M3/2PBH,i. Thus, the peak k position scales as M
1/2
PBH,i. The peak
height of ΩGW is proportional to M6/37PBH,iβ
16/37. This is valid
only when the energy-density fraction of the non-relativistic
matter in PBHs, fPBH, is close to unity, which is always sat-
isfied in the PBH-dominating scenario.
Appendix B: Effects of mergers of PBHs
In this appendix, we discuss the effects of formation of
binary PBHs and their mergers. If the merger event rate
is substantial, it affects the mass distribution function of
PBHs and may affect the dynamics of the reheating. We will
see that the energy density of the merged components can
be (marginally) subdominant depending on the initial PBH
abundance, so it may or may not affect our estimation of
ΩGW induced just after the PBH evaporation.
We also study the stochastic GW background from su-
perposition of many PBH merger events. The spectrum
is known to have a slope ΩGW(k) ∝ k2/3 [154, 155]. Even
though the typical frequency of GWs associated to the
merger events is much higher than the typical frequency
of the GWs induced by scalar modes just after the evapora-
tion, the gentle slope of the spectrum, k2/3, implies it might
be observationally relevant. In this context, we also have
to take into account the validity of the extrapolation of this
scaling. We revisit the infrared (IR) part of the spectrum,
which should reproduce the universal (white-noise) k3 scal-
ing [153]. It turns out that such an IR modification is in-
deed relevant when we consider the GWs originating from
mergers, and the GWs tend to be a subdominant compo-
nent compared to the GWs induced just after evaporation.
On the other hand, the merger-related GWs have a relatively
large magnitude on smaller scales. They are one of the dom-
inating GWs on these scales as shown by the black dashed
line in Fig. 10.
Effects of mergers of PBHs in the early Universe were
discussed in Appendix A of Ref. [28], based on the binary
formation mechanism of Ref. [7], and the authors con-
cluded that they are ineffective unless the cosmic temper-
ature is very high: T & 1011 GeV× (104 g/MPBH)3/4. More re-
cently, the authors of Ref. [62] discussed PBH mergers in the
PBH-dominating scenario based on another binary forma-
tion mechanism [156], which is more efficient than that of
Ref. [7]. Here, we calculate the GW spectrum from super-
position of GWs emitted by many merger events in the very
early Universe before the PBH evaporation, improving the
treatment on the GW energy spectrum from each merger
event in Ref. [62]. Instead, we neglect the time dependence
of the PBH mass and in particular the effects of accretion
of the surrounding radiation into PBHs.18 Our analyses are
complementary to those in Ref. [62].
In Refs. [9, 12], the authors investigated the PBH binary
formation in the RD era. The binary forms when the bi-
nary system is decoupled from the Hubble flow. The head-
on collision is avoided because of the torque from the PBH
closest to the binary. In the present context, the binaries
are supposed to form during the eRD era, not the standard
RD era (in which PBHs have already evaporated). Also, the
merger events can occur only before the evaporation time.
These changes can be readily implemented by replacing
their matter-radiation equality time teq and the current cos-
mic time t0 with teq,1 and teva respectively. We should also
replace the PBH fraction of dark matter with unity, fPBH =
1. Following Refs. [83, 157] in the context of LIGO/Virgo
events, theΩGW just after the evaporation is
ΩGW(teva, f )= f
a(teva)
nPBH(teva)
ρtot(teva)
∫ teva
ti
dt
dP
dt
dEs
d fs
( fs), (B1)
where nPBH(t ) is a physical PBH number density at t and
dP stands for a probability for a given PBH to merge from t
to t +dt (see Eq. (B3)), and dEs/d fs ( fs) is the energy spec-
trum emitted by a single merger event as a function of the
frequency at the source frame fs = f /a(t ), and the subscript
s means the source frame.
18 Effects of accretion change the PBH mass at most only by 14% [62]. It is
also discussed in Appendix B of Ref. [28], and they concluded that they
are negligible unless the cosmic temperature is very high: T & 1014 GeV×
(104 g/MPBH)
1/2.
18
1. Merger rate and merged fraction
Let us estimate the energy density fraction of PBHs al-
ready merged at the evaporation time. If it is subdominant,
the effect on the sudden evaporation dynamics is negligible.
Hence we treat MPBH as a constant for simplicity. The gener-
alization to the time-dependent mass case is desirable, but
it is beyond the scope of the paper. Also, we assume that the
binary is not disrupted by encountering other PBHs once
the binary is formed. Under these assumptions, the energy
density fraction of merged PBHs at the evaporation time can
be obtained from
Ωmerged PBHs(teva)=
2MPBHnPBH(teva)
ρtot(teva)
∫ teva
ti
dt
dP
dt
. (B2)
This probability dP/dt is computed in Refs. [9, 12]. After
appropriately replacing their matter-radiation equality time
teq and the current cosmic time t0 with teq,1 and teva respec-
tively, we find
dP
dt
= 3
58t
(
t
T
)3/8[ 1(
1−min[eNN,efinal]2
)29/16 −1
]
, (B3)
where
T ≡ 3
(
8piM2Pl
)3
170M3PBH
(
4pi fPBH
3
)−4 (4pinPBH(teq,1)
3
)−4/3
, (B4)
is the time by which all the binaries merge. fPBH is the en-
ergy density fraction of the non-relativistic matter in PBHs,
which is equal to unity in the PBH-dominating scenario but
retained for generality. The maximum eccentricities eNN
and efinal are given by
1−e2NN =
(
t
T
)6/37
, (B5)
1−e2final =
(
4pi fPBH
3
)−32/21 ( t
T
)2/7
. (B6)
These values eNN and efinal are determined by the cutoff dis-
tance from the binary to the nearest neighbor PBH and by
the largest possible distance between the PBHs in the bi-
nary, which is realized for the final binaries formed at the
equality time, respectively. When fPBH = 1, the latter one is
irrelevant since efinal > eNN.
Note, however, that the applicability of the analytic for-
mula of the merger probability to the fPBH ≈ 1 case is
questioned in Ref. [149] where discrepancies between the
analytic estimate and N-body numerical simulations were
found. The simulations tell us that the binaries tend to
be disrupted by an N-body cluster of surrounding PBHs
(formed by Poisson fluctuations) and lose eccentricity. This
implies that the binary lifetime becomes longer and that
the merger rate is suppressed. It is not clear to us whether
this also applies to the tiny PBH cases since the investigated
mass ranges are different in 30 orders of magnitude.
By substituting Eq. (B3) into Eq. (B2), we get the merged
fraction just before evaporation [62]
Fmerged ≡
Ωmerged PBHs
Ωtotal PBHs
'
 129
(
37
( teva
T
) 3
37 −8( tevaT ) 38 ) (teva < T )
1 (teva ≥ T )
. (B7)
The ratio teva/T is evaluated as
teva
T
= 1×10−17
(
fPBH
1
)4 (MPBH,i
104 g
)2 ( β
10−7
)16/3
. (B8)
For the fiducial values fPBH = 1 and MPBH,i = 104 g, Fmerged =
5%,14%, and 39% if we take β = 10−7,10−6, and 10−5, re-
spectively.
The mass of once merged PBHs is approximately 2MPBH,i.
The lifetime of these PBHs is 23 = 8 times longer than the
original PBHs. By the time of their evaporation, the scale
factor increases by a factor of
p
8. If the merged fraction
is less than 1/
p
8 ≈ 35%, the merged PBHs evaporate be-
fore they dominate the energy density and therefore they
are harmless. In this sense, β ∼ 10−5 is roughly the criti-
cal abundance for which the effect of the merger is signif-
icant. We stress again that this estimation is based on the
assumption that the binary is never disrupted after their for-
mation until their merger, which is questioned in Ref. [149]
for fPBH = 1 and for MPBH,i =O (10)M¯.
2. Revisiting GWs from merger events with “IR cutoff”
As mentioned at the beginning of this appendix and in
Ref. [153], we have to modify the spectrum of the merger-
related GWs at the IR side. The energy spectrum from
the inspiral-merger-ringdown process in the case of non-
spinning BHs is obtained in Refs. [154, 155], and we aug-
ment it with an IR cutoff fIR as follows:
dEs
d fs
( fs)=
M5/3c
12M4/3Pl
×

w0 f 2s ( fs < fIR)
f −1/3s ( fIR ≤ fs < f1)
w1 f 2/3s ( f1 ≤ fs ≤ f2)
w2
f 2s(
1+ 4( fs− f2)2
σ2
)2 ( f2 ≤ fs < f3)
0 ( f3 ≤ fs)
,
(B9)
where w0, w1 and w2 are coefficients that make the spec-
trum continuous at fs = fIR, f1 and f2, respectively, and
M5/3c ≡m1m2(m1+m2)−1/3 is the chirp mass where we take
m1 =m2 =MPBH. Explicitly, w0 = f −7/3IR , w1 = f −11 and w2 =
f −11 f
−4/3
2 . These frequencies are given as MPBH f1/(4M
2
Pl) =
0.1125, MPBH f2/(4M2Pl) = 0.2565, MPBH f3/(4M2Pl) = 0.3503,
and MPBHσ/(4M2Pl) = 0.05952. See Ref. [155] for more gen-
eral expressions in the case of non-equal masses and/or
nonzero spins.
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The IR cutoff of the frequency (in the source frame)
should correspond to the largest possible orbit of the bi-
nary [153],
fIR = 1
2pi
×2
√
MPBH
8piM2Plr
3
, (B10)
where r is the radius of the orbit of the binary, which corre-
sponds to H−1 evaluated at the binary formation time. More
precisely, this radius should be the length associated to the
GW emission, and it should be shorter than H−1 when the
eccentricity e is nonzero. We take it as the distance between
a periastron and the closest focus (the center of gravity),
H−1(1−e), which is (a half of) the shortest distance between
the two PBHs in the binary trajectory.
Note that our estimation on the IR cutoff is conserva-
tive for the estimation on the magnitude of the GWs, which
means that our fIR is probably larger than the true cut-
off. This is different from the estimation of the IR cutoff in
Ref. [153], where the authors presented a conservative es-
timate on the applicability of the universal IR cutoff scale,
which means that their fIR is probably smaller than the true
cutoff.
The binary formation time (decoupling time) is estimated
as adec/aeq,1 = (x/xmean)3 where x is the comoving distance
between the PBHs (we have used xmax = f 1/3PBHxmean) [9, 12].
(Note the clash of notation: x here should not be confused
with x ≡ kη in the main text.) The cutoff can be rewritten as
fIR = f0
(
`
`max
)−9/4
(1−e)−3/2 , (B11)
f0 ≡ 1
(2pi)3/2
√√√√H3eq,1MPBH
M2Pl
, (B12)
where ` = adecx = aeq,1x(x/xmax)3 with xmax =
( fPBH/nPBH(t )a3(t ))1/3 is the semi-major axis of the el-
lipse of the binary trajectory [9, 12] and `max = aeq,1xmax.
The cutoff fIR as well as the energy spectrum depends on
the parameters ` = `(t ,e) and e of the ellipse of the binary.
However, the probability in Eq. (B3) has been obtained by
integrating the differential merger rate over e. Therefore, we
cannot use the equation directly, and we have to go back
one step. The differential probability for a given PBH binary
to merge in the intervals of (t , t +dt ) and (e, e+de) is given
by [9, 12]
d2P
dedt
= pi
2e f 3/2PBHn
1/2
PBH(teq,1)`
3/2
3
(
1−e2)3/2 t , (B13)
where ` in terms of t and e is given by `= (t/Q)1/4/(1−e2)7/8
withQ = (3/170)(MPBH/8piM2Pl)−3. This relation `= `(t ,e) is
obtained by inverting the relation between the lifetime of
the binary t in terms of the initial ` and e [9, 12]. Using
Eq. (B13), we can numerically compute the following inte-
gral to obtain the GW spectrum originating from the merger
events:
ΩGW(teva, f )= f
a(teva)
nPBH(teva)
ρtot(teva)
∫ teva
ti
dt
∫ emax
0
de
d2P
dtde
× dEs
d fs
( fs), (B14)
where emax ≡min[eNN, efinal](= eNN in the PBH-dominating
scenario). The result is shown as the black dashed line in
Fig. 10. Note that the same method for taking into account
the IR cutoff is applicable to the case of the binary non-
evaporating PBH mergers in the present Universe by the re-
placement such as teva → t0 and teq,1 → teq.
The dependence of the peak height on MPBH,i and β
comes from
∫
dt (dP/dt ), which is approximated as∫ teva
ti
dt
t
(
t
T
)3/37
∼
(
teva
T
)3/37
∼M6/37PBH,iβ16/37 f 12/37PBH . (B15)
Note that the IR cutoff does not affect the peak scale, so the
integral over e has been performed first. There is no β de-
pendence from other parts in Eq. (B14), and the MPBH,i de-
pendence from other parts cancels among them. Note that
the above expression is valid for the PBH-dominating sce-
nario ( fPBH = 1), but when fPBH ¿ 1, efinal becomes relevant
and the above expression is modified accordingly.
Appendix C: Non-linear scale
In this appendix, we explain how to derive the non-linear
scale of the matter perturbations. Since the analyses in this
paper are based on the linear theory except for the interac-
tions between the scalar and tensor perturbations, it is nec-
essary to discuss the smallest scale that the analyses can be
applied to.
During the PBH-dominated era, the gravitational poten-
tial is related to the matter perturbation on subhorizon
scales as [116]
9
10
k2Φplateau(xeq,1)φk '
3
2
H 2δm, (C1)
where φk is the initial amplitude of the gravitational poten-
tial on superhorizon scales during the eRD era.19 Using this
equation, we estimate the non-linear scale kNL, on which
the perturbation becomes non-linear (δm = 1) at the reheat-
ing. Then, we can approximately derive the expression for
kNL as
3p
10
kNLΦ
1/2
plateau(kNLηeq,1)φ
1/2
kNL
'
√
3
2
2
ηeq,2
. (C2)
19 Since theΦplateau is normalized asΦplateau(x→ 0)→ 1, the factor 9/10 is
multiplied in the left-hand side in Eq. (C1). Note thatΦ on superhorizon
scales gets suppressed by the factor 9/10 during the transition from the
eRD era to the PBH-dominated era.
20
φk is related to the curvature perturbation as |φk | ' 23 |ζ| ∼
2
3P
1/2
ζ
. Then, we can rewrite Eq. (C2) as
kNLΦ
1/2
plateau(kNLηeq,1)P
1/4
ζ (kNL)'
√
5
2
2
ηeq,2
. (C3)
When we derive the cutoff scale kNL, we substitute 2.1×10−9
intoPζ(k) [110] throughout this paper for simplicity, which
is a conservative assumption.20 Figure 11 shows the relation
between kNLηeq,2 and ηeq,2/ηeq,1. Since the growth of mat-
ter perturbation during the eRD era is slower than that dur-
ing the PBH-dominated era, the short duration of the PBH-
dominated era leads to the large kNL.21
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FIG. 11. The relation between the wavenumber for the non-linear
scale, defined in Eq. (C3), and the length of the PBH-dominated
era, characterized by ηeq,2/ηeq,1.
Appendix D: Approximation formula for the induced GWs
In this appendix, we explain the derivation of Eqs. (53)
and (59). In particular, we focus on the contribution from
the resonance effect associated with the oscillations of the
gravitational potential, which is present only in the case of
GW production in the RD era [66, 87]. This contribution
gives rise to a peak of the induced GW spectrum, which is
relevant for constraints on the PBH abundance, and Eq. (53)
represents such a contribution. We emphasize again that
our GW production mechanism occurs not during Hawking
evaporation but just after the PBH evaporation so that the
energy density of the Universe is dominated by radiation.
20 Strictly speaking, if we take into account the tilt of the power spectrum,
such as ns = 0.96, the kNL could become a little larger, which leads to the
larger induced GWs.
21 In the limit of the large ηeq,2/ηeq,1, kNLηeq,2 asymptotes to a value
about 470 (see Fig. 11). In this case, the relation between kNL and MPBH,i
is given as kNL ' 1.1× 1014 Mpc−1(MPBH,i/104 g)−3/2, where we have
used Eqs. (7) and (8).
1. Case of monochromatic mass function
First, we explain the derivation of Eq. (53), which is the
approximation formula in the case of the monochromatic
mass function. The resonance condition means the energy
conservation (|~k1|/
p
3+ |~k2|/
p
3 = |~k|) under the condition
of the momentum conservation (~k1+~k2 =~k) where ~k1, ~k2,
and~k are the momenta of the two scalar source modes and
the GW mode, respectively. The factor 1/
p
3 represents the
sound speed in the thermal bath, while the speed of GW is 1.
This is satisfied in a part of the integration region in Eq. (44)
where u+ v =p3. For this resonant contribution, the oscil-
lation average of the square of the function I in Eq. (44) in
the case of a sudden reheating transition is given by Eq. (B6)
of Ref. [87] multiplied with (x − xeva/2)−2. As a counterpart
of Eq. (B7) in Ref. [87], we obtain
Ω(res)GW (ηc,k)'
∫ s0(k/kNL)
−s0(k/kNL)
ds
3
p
3C
(
1− s2)2
40960000
x7eva×
P (eff)
ζ
((p
3+ s)k
2
)
P (eff)
ζ
((p
3− s)k
2
)
, (D1)
where C ≡ 2∫ 10 dyCi(y)2 ≈ 2.3 is a numerical constant,
Ci(y)≡−∫∞y dy cos(y)/y is the cosine integral function, and
P (eff)
ζ
(k) ≡ S2(k)Pζ(k) is the effective power spectrum tak-
ing into account the suppression of the gravitational po-
tential (see the discussion above Eq. (50)). For a generic
wavenumber k, the integration boundary s0(k/kNL) is 1, but
when it approaches the cutoff kNL, it changes as Eq. (54). We
take into account this effect later, and tentatively set s0 = 1.
Now, we introduce an approximation to Eq. (D1). The
integration with respect to s from −1 to 1 corresponds to
only an O (1) change of the argument of the power spec-
trum P (eff)
ζ
. This implies that for any given value of k and
for a sufficiently smoothP (eff)
ζ
(k), one can approximate the
latter as a single power law spectrum with an effective tilt
ns,eff(k). The k-dependence of Eqs. (32) and (35) tells us that
ns,eff ' ns, ns−2/3, and ns−14/3 up to a logarithmic correc-
tion, for k¿ keq,2, keq,2 ¿ k¿ keq,1, and kÀ keq,1, respec-
tively. Since the spectral shape of the resonance contribu-
tion extends to a large k region, we take ns,eff = ns − 14/3
irrespective of the value of k, which is supported by the nu-
merical calculations (see Fig. 4). This allows the analytic in-
tegration with respect to s,22
Ω(res)GW (ηc,k)'2.9×10−7F (ns,eff)E(k/kNL)
22 The naive interpretation of the k7 dependence up to P (k)2S(k)4 in
Eq. (D2) is as follows. The factor k2 arises in f given in Eq. (47) because
the dominant term is proportional to Φ′Φ′, which gives the factor k4 to
Ph (∝ f 2). Another factor arises from the integrals appearing in the ex-
pression of Ph . Eq. (44) includes the integrals over v and u and, before
changing the variables, they are originally over the wavenumbers of two
scalar modes, |~k1| and |~k2|. Since the resonance condition is given as
|~k1|/
p
3+ |~k2|/
p
3 = |~k|, the two integrals gives only a single power of k.
From these observation, we can see that the power spectrum of the ten-
sor perturbations arePh ∝ k5. In addition, the factor k2 comes from the
21
× (kηeva)7P 2ζ (k)S4(k), (D2)
where F (ns,eff) is defined with the hypergeometric function
2F1 as
F (ns,eff)≡
∫ 1
−1
ds
(
1− s2)2 (3− s2
4
)ns,eff−1
= 3
ns,eff−142−ns,eff
ns,eff
(
3+2ns,eff
) ((2
3
)ns,eff (
ns,eff−3
)
+
(
n2s,eff−ns,eff+3
)
2F1
(
1
2
,−ns,eff;
3
2
;
1
3
))
, (D3)
and E(k/kNL) (satisfying E = 1 for k¿ kNL) is a function in-
troduced to take into account the reduced integral region
s0 6= 1 around k ' kNL, on which we discuss in the follow-
ing. Since we already made approximations to obtain the
above result, we do not aim to obtain the exact formula.
(It is anyway not meaningful to discuss the precise shape
of the spectrum when k becomes close to the non-linear
scale.) In the case of the sudden reheating transition with
a power-law spectrum, the s0-dependence has been calcu-
lated in Eq. (B13) of Ref. [87]. Taking the ratio between the
equation and Eq. (D2), we can extract the falling-off behav-
ior, which is nothing but E(k/kNL). The expression becomes
significantly simpler when we set ns = 1 for this ratio (this
does not mean we set ns,eff = 1 or ns = 1 in Eq. (D2)),
E(k/kNL)= s0(k/kNL)
8
(
15−10s20(k/kNL)+3s40(k/kNL)
)
.
(D4)
Since s0 is defined as Eq. (54), it satisfies E(k/kNL) = 1 for
k/kNL ≤ 21+p3 and E(k/kNL) = 0 for
2p
3
≤ k/kNL, and it is
smoothly interpolated between the two regimes.
Substituting the numerical value of F (0.96− 14/3) ' 5.5
and the expression of E(k/kNL) given in Eq. (D4) into
Eq. (D2), we obtain Eq. (53).
2. Effects of finite width
Here, we generalize the approximation formula to the
case of the mass function with finite width and derive
Eq. (59). In the presence of finite width, the normaliza-
tion factor, Eq. (58), has an exponential dependence on k.
This does not satisfy the smoothness assumption that led to
F (ns,eff) in Eq. (D3). It should be modified as follows:
F (ns,eff,σ)≡
∫ 1
−1
ds
(
1− s2)2 (3− s2
4
)ns,eff−1
exp
(−z (3+ s2)) ,
(D5)
where z ≡ (cσkηeq,2)2 with c introduced below Eq. (58). The
exact analytic integration is not easy, so let us take the fac-
torized form, F (ns,eff,σ) ≈ F (ns,eff)G(z), as an approximate
ansatz. When ns,eff = 1, the integral can be analytically done
G(z)= 15e
−4z
64z5/2
(
2
p
z (2z−3)+ (4z2−4z+3)ezppiErf(pz)) .
(D6)
Then, we obtain Eq. (59). The error of the approximation
is within a factor of 2 in the parameter region which we are
interested in (see Fig. 6). Note that there is an additional
ez factor in G(z) compared to the naive expectation G(z) ∼
S(k,σ)4 ∼ e−4z .
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